Coherent Configurations: answers to Exercises
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1.4. Exercises

1.4.1. For a set S of relations on 2, denote by S°° the union of all finite
compositions r - s--- with 7, s, ... belonging to S. Then given s C 2,

1.4.2. Let s € Q2. Then the points a and o’ belong to the same class of (s) if
and only if o *Z .

1.4.3. Let s C Q2. Then rad(s) is equal to the largest equivalence relation e
on €(s) for which

(1.4.2) s= |J AxT.

ATe/e:
AXI'Cs

1.4.4. Let e be an equivalence relation on 2. Then the mapping 7, induces a
surjection from the set of (partial) equivalence relations on 2 to the set of (partial)
equivalence relations on Q/e.

1.4.5. Let e C Q2 be an equivalence relation and s a relation on §2/e. Then
e- 7'('6_1(5) e = 7'('8_1(8).
In particular, e C rad(w; 1(s)).

1.4.6. Let r and s be thin relations on 2. Then so are the relations s* and r - s.
Furthermore, if ¢ is a thin relation on A, then s ® ¢ is a thin relation on  x A.

1.4.7. The mapping s — A defines a 1-1 correspondence between the relations
on 2 and {0,1}-matrices of Matg.

1.4.8. Given relations r,s C 02,

(1) A = (AT)T,

(2) Arﬂs = Ar o Asa

(3) Arus = Ap\s + Ag\r + Arn; in particular, A,y = A, + Ay if rNs =g,
(4) |larnBs*| = (A;Ag)a,p for all o, 8 € Q.

1.4.9. For any relations r and s, we have A,gs = A, @ As.
1.4.10. For any permutations k, k" € Sym(f2),
(143) Py = Py Py

In particular, P,-1 = (P)~!, and the mapping k ~ P is a linear representation
of the group Sym().

1.4.11. For a relation s C Q2 and a permutation k € Sym(Q),

(1.4.4) A =P AP,
1.4.12. For any relation s C 2,
(1.4.5) Asa = as, o€ Q.

1.4.13. For any group G,
<Glcfta Gm’ght> - GIHH(G)
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1.4.14. For any group G, the mapping
(1.4.6) 7 : CG — Matg(C), g— P,

Jleft?
is an algebra monomorphism. Moreover,

(1) 7(1) = Ig and 7(G) = Jg,

(2) 7671 =7(&)T for all € € CG,

(3) T(§on) =7(§) o7(n) for all §,n € CG.

1.4.15. For any group G and any set X C G,
T(X) = A

for a uniquely determined relation s C G2. This relation is invariant with respect
to the group G,.,... The mapping
(1.4.7) p: X s

establishes is a partial order isomorphism between the subsets of G and the binary
relations on G invariant with respect to G,,,... The inverse of p is defined by
formula,

p 1 (s) = as,
where « is the identity of G.

1.4.16. Let G be a group, and let p be the mapping from Exercise ??7. Then
for any sets X,Y C G,
p(X) = 1¢ if and only if X consists of the identity of G,
p(X ) G x G if and only if X =G,
p(X71) = p(X)",
p(X) Cp(Y )1fandonly1fXCY
(p(X)) = p({X)),
X < G ifand only if e = p(X) is an equivalence relation and G/e = G/ X,
rad(p(X)) = p(rad((X)), where rad(X) ={g € G : gX = Xg = X}.
1.4.17. For an abelian group G of order n, the center of Aut(G) consists of all
mappings

(1.4.8) om:G—=G, g— g™
where m is coprime to n.

1.4.18. The identity element of the wreath product G K is the pair (f1,1),
where the function f; takes any element to the identity of G. The element inverse

to (f,k) is given by (f,k)~" = ((f*)"" k7).

1.4.19. Let e be a partial equivalence relation on ). Assume that e is invariant
with respect to a group K < Sym(2). Then the natural action of K on /e induces
the homomorphism k — k%/¢ from K to Sym(Q/e) with the image and kernel equal
to
(1.4.9) K= {k%¢: ke K} and K.= () Ky,

AeQ/e

(1)
(2)
(3)
(4)
()
(6)
(7)

respectively.

1.4.20. Any abelian permutation group is quasiregular, and is regular if and
only if it is transitive.

1.4.21. A normal subgroup of a transitive group is 1/2-transitive.
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2.7. Exercises

In what follows, unless otherwise stated, X' is a coherent configuration on (2
and S = S(X), F = F(X), and E = E(X). The notations X’ and @', S’, F’,
and E’ have the same meaning.

2.7.1. [85] The conditions (CC1), (CC2), and (CC3) are independent.

Proof. (CC1), (CC2) = (CC3). Let Q@ = {1,2,3} and

s1=0%\1g, s2={(1,1)}, and s3={(2,2),(3,3)}

If S = {s1, 82,53}, then (,5) satisfies the conditions (CC1) and (CC2) but not
the condition (CC3): indeed, (1,2) € s1, (2,1) € s1, but

[1s1 N 2s3] =0, [2s1N1sy| =1.

(CC2), (CC3) # (CC1). Let 2 be a nonempty set and S = {Q?}. Then (£, 5)
satisfies the conditions (CC2) and (CC3) but not the condition (CC1).

(CC1), (CC3) % (CC2). Let M = {1,2,3} and Q = M?\1,,. Set

By :={((j,4), (i, k)) - 1,5,k € M, j # k},
By :=={((i, k), (4, 7)) - 1, ), k € M, j # k},
By = {((j,1), (k,1)) : 4,5,k € M,j # k},
By :={((i,4), (1, k) =i, 5,k € M, j # k},

Bs := {((l,j), (.777’)) 14, € M, 7&‘7}
Let
S1 = 1Q, SQZBluB:«;, 53:B2UB4, and 54:B5.
Denote {s; : 1 <i <4} by S. Note that S is a partition of Q2 and (£, S) satisfies
the condition (CC1), but not the condition (CC2) since
S;ZBIUB;::BQUB;; = S;¢S

However, (£, S) statisfies the condition (CC3) as the “intersection numbers” exist.
Indeed, if we denote the adjacency matrix of s; by A; for ¢ = 1,...,4, then it is
straightforward to check that

AJ =A; + A3 + Ay, AyAs = Ay + Az + Ay, AgAy = Ao,
Azl =A1 + Ay + Ay, A2 = A+ Ay + Ay, AsAq = As,
AgAy =As3, AgAz = Ay, A2 = A,

2.7.2. Find all coherent configurations of degree at most 4.

Proof. Coherent configurations of degree at most 2 are the discrete or the trivial
coherent configurations. Up to isomorphism, the amounts of other nontrivial and
nondiscrete coherent configurations of degree at most 4 are as follows.

Degree | Homogeneouss | Non-homogeneous
3 1 1
4 3 5
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The irreflexive basis graphs of the four homogeneous coherent configurations
are given in Figures and . Here A&} is the regular scheme corresponding
to the cyclic group of order 3; X and A3 are respectively the regular schemes
corresponding to the cyclic group of order 4 and the Klein four-group; the scheme X,
is the scheme of an undirected 4-cycle.

JANVAN X

FIGURE 2.1. Irreflexive Basis Graphs of X} and X}

X X1

FicURrE 2.2. Irreflexive Basis Graphs of X5 and X

Let X be a non-homogeneous coherent configuration and F'(X) = {Aq,... A}
with m > 1. The isomorphism type of X’ is an m x m matrix whose (i, j)-entry
equals [Sa; a;|- In this terminology, non-homogeneous coherent configurations of
degree 3 and 4 are uniquely determined (up to isomorphism) by their isomorphism
types. The isomorphism types of non-disctrete coherent configurations are given in

Table .

Degree | Number of Fibers | Cardinalities of Fibers | Isomorphism Type
3 2 12 [i 3]
4 2 1,3 [13]or[i5]
2 2,2 [33] or [7 5]
3 1,1,2 115
222

TABLE 1. Nonhomogeneous Cases: Degree 3 and 4

2.7.3. Denote by s; the relation on the vertex set {2 of a three-dimensional cube
that is defined by the property “to be at distance i”, ¢ = 0,1,2,3. Then the pair
(Q,S) with S = {so, s1, $2, 3}, is a coherent configuration.

Proof. Obviously, S is a partition of Q2. Observe that
So = 19.

This implies that (€2, S) satisfies condition (CC1). It also statisfies condition (CC2)
because each s; is symmetric.
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Finally, we know that the rotation group R of the cube has order 24 since after
a rotation, a face of the cube can coincide with any of the six faces of the original
cube, and in each location. Now choose arbitrarily

si,s; and sp €S
and any
(a,8) and (o/,5') € s;.
There exists a rotation r € R such that
(a,8)" = (a/,8) and a's; NP sk = (as; N Psk)".

This yields that (2,.5) satisfies condition (CC3). We are done. O

2.74. Let A\ T € Fand s € Sap. Then Q_(s) = A and Q4(s) =T. In
particular, Q_(r), Q4 (r), and Q(r) are homogeneity sets of X for all r € S¥.

Proof. Since s € Sa,r, we have

Q_(s)CA and c2 >0.

ss*

The latter implies that A C Q_(s), which proves the first equality. Similarly
Q4 (s) =T. Thus, Q(s) is a homogeneity set. O

2.75. Let M CNand T C S”. Then {a € Q: |as| € M forall s€ T} is a
homogeneity set of X.

Proof. Observe that for any o € Q2 and any s € S,
las| = |8s], BeA

where A is the fiber containing o. Now if |as| € M for all s € T, then the set in
question contains A. Hence it is a homogeneity set. O

2.7.6. Let r,;s,t € S and A € F. Then
) cla #£0 if and only if s = r* and Q_(r) = A,
) ¢ty < min{n,,ng},
) Dsespa s =|Alforall T' € F,
4) Y wes CrsChy = D wes CraCey for all u,v € S.
Proof. For statement (1), the sufficency is straightforward. To prove the ne-
cessity, assume cl2 # 0. Then A C Q_(r). In fact, here we have equality since

Q_(r) is a fiber by Exercise (2.7.5)). Obviously, s = r*.
Statement (2) follows, because for any (a, 8) € t we have

1
2
3

(
(
(
(

Cre = |ar N Bs™| < minflar], |Bs"[}.
For statement (3), fix & € T'. Then,
U as C A.
seSt,a

The equality holds as r(c, 8) € Sr.a for any 5 € A. Since |as| = n,, we are done.
For statement (4), fix a pair (a,7) € v. Let

W:={(B7):(ap)er, (B,7)es and (y,7)€u}.



2.7. EXERCISES 7

Assume that («a,7) € w, then

W= D =D i

wersNuu* weS
Also,
— U wo o __ U w
|W| - E CrwCsuy = E CrwCsu
wesuNr*v wesS
by assuming (3, 7) € w. The proof is complete. |

2.7.7. [122, p.28] Let X be a scheme and r,s,t € S. Then

t o : nsng GCD(ny,ns,n¢)
(1) ¢k, is a multiple of GCD(n,,n,) GOD(ns,n;) GCD(ngomn) *

(2) nyct, =0 (modm), where m = LCM(n,., ng).
Proof. By formula (2.1.14),

t s* r*
NEChy = NsClay = Ny Clyp.

This yields that
nslngel, and  ng|ngel,.

Thus, m divides n;ct, which proves statement (2) and shows that

Ms ! and Mo ¢

—|c —— | ¢,
GCD (ng,n¢) = "° GCD (ng,mne) ' "*
Hence, the lowest common multiple of these two numbers divides cf,. Now state-

ment (1) follows since this multiple, as easily seen, equals

nsny GCD(n,, ng, ny)
GCD(n,,ns) GCD(ng,ns) GCD(ng, ny)

2.7.8. Let s € SY. Then
(1) e(s) ={(a,B) € Q?: as = Bs} belongs to E,
(2) s-s*eFifse Sand ns =1.
Proof. Without loss of generality, we assume that s has full support.
To prove statement (1), observe that e(s) is an equivalence relation. To prove
that e(s) € E, it suffices to show that for any t € S,
tNe(s)#@ = tCe(s).
To this end, take ¢ € S and assume that

(o, B) € tNe(s).
Set s :=s1 U---Us,, with each s; € S. Then for every 1 < j <m,

m

as; =as; N s = U(asj N Bs;).
i=1

This implies that

m
(2.7.1) Ns, = ZC;SI'
i=1
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Take an arbitrary pair (o/,3’) € t. Since
los;| = ns, and cgjs;_k =la's; N B'sil,

formula (2.7.1)) yields that

m
los;| = Z la/s; N B'si| =|a's;NAs|.

i=1

Thus,
a's; CpBs, j=1,---,m.
Therefore, o/s C f’s. Similarly, 8’'s C o’s. It follows that (o/, 8') € e(s) and hence
t C e(s), as required.
To prove statement (2) observe that the relation e = s - s* is reflexive and

symmetric. To prove transitivity, let (o, 8), (8,7) € e. There exist 51, 82 such that

(o, 81) €s and (B1,8) €s™; (B,02) €s and (B2,7) € s*.

Because ns = 1, |8s] = 1 and thus 81 = B2. It follows that (o, 1) € s and
(B1,7) € s*, which yields that (a,v) € e, as wanted. O

2.79. Letec E. Fora € Qand A € Q/e, set S(o, A) = {s € §: asNA # o}.
Then

(1) for any o € Q, the sets S(a, A) and S(a/, A) are equal or disjoint,
(2) for any A’ € Q/e, the sets S(a, A) and S(a, A’) are equal or disjoint.
Proof. To prove statement (1), let s € S be such that
s€ S(a, A)nS(a/,A).
Then there exist 3,3’ € A such that
(2.7.2) r(a, B) =s=r(d,p).

Furthermore, for any s; € S(a, A), one can find 8; € A such that r(«, 81) = s1.
Since 3, 81 € A, the relation t := r(5, 1) is contained in e. Thus,

(o, 01) € s1 and (B1,0) €t* = |asi NP # 2.
This yields that ¢ ;. # 0. By formula (2.7.2),
la’sy N Bt # 2.
Since 5’ € A and ¢ C e, this implies that s; € S(a/, A). Thus,
S(a, A) C S(a/, A).

Similarly the reverse inclusion can be proved.
To prove statement (2), assume that

s € S(a, A) N S(a, A).
Then there exist 5 € A and 8 € A’ such that
(2.7.3) r(a,B) =s=r(a, ).
Furthermore, for any s; € S(a,A), one can find 8; € A such that r(«, £1) = s1.

Thus,
t:=7r(8,01) Ce and |as; NPt #o.

By formula ([2.7.3)),
las1 N Bt # @.
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It follows that s; € S(a, A”). We deduce that
S(a,A) C S(a, A").

The reverse inclusion can be proved similarly. ([

2.7.10. Let e € E and A € F be such that en # @. Then e - 1a - e is an
indecomposable component of e.

Proof. By the assumption, there exist «, 8 € A such that («, 8) € e. It follows
that
(a,a) Sr(e, B) -r(e, B)" Ce.
Denote e1 := e - 1a - e. Then obviously,
InCer Ce.
Suppose on the contrary that there exist disjoint nonempty partial parabolics €}
and e}, such that
er =ej Ueh.
Since 1o C e7, we may assume without loss of generality that 1o C €. In view of
e} - eh, = I, we have
e1-€ej-e1= (el Uey) €] -(efUeh) =e.
Taking into account that e; = e - e - e, we obtain
e-el-e=e-(e1-€ -e1)-e=e-€ e =€
Thus,
61:6'1A'6g6'6/1'6:6/1,

a contradiction. O

2.7.11. Let s € S and e € E. Then
(1) |asnN Al does not depend on a €  and A € Q/e for which as N A # &,
(2) if Q(s) C Q(e) and e - s = s - e, then ng,, divides ns.

Proof. To prove statement (1), let &« € Q and A € Q/e be such that asNA # @.
Then
(o, ) €s and A =fe

for some B € 2. Denote by T the set of basis relations contained in e. Then

A= U Br and asnNA = U(asﬂﬁr).
reT reT
Thus,
lasN Al = Z Copn
reT

Since the number on the right-hand side does not depend on the choice of o and A,
we are done.

To prove statement (2), fix a point o € Q(e). We claim that for any A € Q/e,

(2.7.4) (e, A) €sg/e & asNAF#2.

To prove the implication “<”, assume that as N A # @. Then there exists § € A
such that (a, ) € s. It follows that

(o, B) € sN (e x A),
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Le., (ae,A) € s ..
To prove the implication “=", assume that (ae, A) € s, Je- Then there exist
B € ae and v € A such that (8,7) € s. It follows that

(,v)€e-s=s-e.
Consequently, one can find 8 € Q such that

(,8) €s and (B,7)€e.

Thus, A = ve = #’e and hence 8 € as N A, as required. The claim is proved.
Taking into account Q(s) = (e) and claim (2.7.4)), we obtain

as = U (asnNA) = U (asNA).
AeQ/e (ae,A)EsQ/e
The number of summands on the right-hand side equals Mg, and any two of them

have the same cardinalities (statement (1)). Since |as| = ns, we are done. O

2.7.12. Let X be a regular scheme. Then

(1) the closed subsets of S and the subgroups of Sy are in a 1-1 correspondence,
(2) any fission of X is semiregular.

Proof. By definition, the mapping
T U t

establishes a 1-1 correspondence between the closed subsets of S and the parabolics
of X. Since X is regular, S = S;. Thus statement (1) follows from statement (4)
of Theorem 2.1.26.

To prove statement (2), let X’ be a fission of X. Then any s’ € S(X’) is
contained in some s € S. It follows that given a € Q, we have as’ C as. Since X
is regular,

las’] < |as| = 1.

This implies that the coherent configuration X’ is semiregular. (]

2.7.13. Let X be a semiregular coherent configuration. Then
(1) |9 =|A|-|F| and |S| = |F|?-|A] for all A € F,
(2) if A,T € F and s € Sar, then f; € Iso(Xa, A1),
(3) there exists a system of distinct representatives of the family {Sar}a rer
that is closed with respect to the composition of relations.

Proof. To prove statement (1), choose A € F and fix a point « € A. For
any I' € F'| the map
I —» SA,F7 ,8 — T‘(Oé,ﬂ)
is a surjection since Qy(r) = T for any r € Sar. Because X is semiregular,
r(a,B) # r(a, ') for all distinct 8,5 € T'. Hence the above map is also an
injection. It follows that

[Sar| = [T,

Since this is true for any I' € F,
Tl =105ar)"| = [Sr.al = [A].
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Thus,
Q1= It =A]- |F|

Ter
and

S|=>" ISar|=1A[-|F.
ATEF
To prove statement (2), let A,I' € F' and s € Sa r. Since X is semiregular, the
relation s is a matching and the mapping
fs: A>T
is a bijection. From the definition of f, it easily follows that
s oros={(@”,8): (a,8) €r} =1t
see also Fig.

Fi1GURE 2.3. Configuration for Exercise [2.7.13

Since 7, s are thin, s € Sp by Lemma 2.1.25. Thus, f is the required isomor-
phism.

To prove statement (3), let m = |F|. Denote the fibers of X by Aq,..., A,
and set S;; = Sa, a; for all 4,5 =1,...,m. For each i, fix a basis relation

S1i € Sli and sy = 1A1-
Now the relations,
sij = 81;815, 1<4,5<m,
form a required system of representatives. Indeed, for all i, j, k,
sij - Sjk = (87; - 515)(81;81k) = 87, - (515 - 87;)816 = 57, - S11* S1k = 81;51k = Sik-
O

2.7.14. Let s € S be such that ss* consists of thin relations. Then ss*s = {s}.

Proof. Let t € ss*. By formula (2.1.9), ¢j., # 0 if and only if ¢! . # 0. This
implies that
sCtf-s.
As t* is thin, t* - s is a basis relation. Hence,
s=1t""s.
Together with the obvious fact (ss*)* = ss*, we obtain

s8"s = U ts = U t*s = {s}.

tEss* tess*
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2.7.15. Let e be the equivalence relation on  such that /e = F. Thene € F
ande-s=s-eforall se€S.
Proof. By the assumption,
== U+
AEF AEF teSa,a

This implies that e € SY and hence e € E.
To prove the second assertion, let s € Sar with A,I' € F. Set u to be the
union of all basis relations in Sa r. It suffices to verify that

€E-S=U=S-¢€.

We prove the first equality. The second one can be proved similarly.
On one hand, for any (a, ) € e - s, there exists v such that (a,7) € e and
(v, B) € s. Tt follows that

vyeQ_(s)=A and [feQy(s)=T.

By the definition of e the first equality implies that a € ve = A. This together
with the second one yield that r(«, 8) C u. Thus,

e-s Cu.

On the other hand, for any («, 8) € u, there exists ¢ € Sa r such that (o, §) € t.
By the choice of s, one can find o/ € A satistying (o/, 8) € s. Thus,

a,d €A = (a,d)ee = (a,B)€e-s.

It follows that ©w C e - s. O

2.7.16. Let X be a cyclotomic scheme over a field F. Then AT'L(1,F) < Iso(X).
Proof. Let 7 € ATL(L,F), i.e.,
T: ar—at+a’b, a€eF,

for some a € F, b € F*, and 0 € Aut(F). Keeping the notation cercerning cy-
clotomic schemes (page 43), let s, be a basis reltaion of X with v € F. For any
(ar, B) € 8y, we have a— 3 € uM, where M is a subgroup of F* associated with X.
Obviously, M? = M. Then,

o =7 =(a = B%)b=(a—p)°be (uM)’b=u"Mb= (u’b)M.
Thus, s;, C s,0p. Because s, and s, have the same cardinalities, we have
5; = Su°h-

This equality holds for all s,,. Hence, 7 € Iso(X), as required. ([l

2.7.17. Let K < Sym(2) and X = Inv(K, Q). Then

1) SY equals the set of all K-invariant relations on €,

2) ife € F and A € Q/e, then Xa = Inv(K2, A),

3) K is of odd oder if and only if X is antisymmetric,

4) K is a p-group for a prime p if and only if |s| is a p-power for each s € S.

(
(
(
(
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Proof. Every basis relation of X is a 2-orbit of K. Thus, a relation on
belongs to SV if and only if it is a union of some 2-orbits of K if and only if it is
K-invariant. Statement (1) follows.

To prove statement (2), without loss of generality assume that e has full sup-
port. Let s, € Sa. Obviously K2 acts on s,. Let (o, 3), (o/,8') € s5. Since s is
a K-orbit, there exists k € K such that

(@', 8") = (o, B)F = (", B%).
The parabolic e is K-invariant by statement (1). By Exercise (1.4.19)), this implies

that A* € Q/e. However, the set A N AF is not empty (it contains o/ and ).
Thus,

AP =A
and hence k € K{ay. It follows that s, is a K“-orbit. Therefore,
Sa = Orb(K2, A?).

To prove statement (3), first let K be of odd order. Assume on the contrary
that X is not antisymmetric. Then there exists an irreflexive symmetric s € S. It
follows that

(,8)es < (B,a)€s.
This yields that |s| is even. However, if («, 8) € s, then the number

|5l = (. )| = |K : K(ap)

is odd, a contradiction.

Second, let X be antisymmetric. Assume on the contrary that K is of even
order. Then there exists an involution k € K. Thus there exist o # 8 € €2 such
that

o =4 and pF=a.
It follows that
(8,@) = (a, B)F € r(a, B)* = r(a, B).
Consequently, the irreflexive basis relation r(a, 8) is symmetric, a contradiction.

To prove statement (4), suppose that K is a p -group. Then the cardinality of
each 2-orbit of K is a p-power. Since the 2-orbits are exactly the basis relations
of X, the necessity follows. To prove the sufficiency, we will use the technique
developed in section 3.1 of Chapter 3.

If K is nontransitive on €2, then the assertion follows by induction since

K= H KA.
A€Orb(K,Q)

So one can assume that K is transitive. Then X is a p-scheme in the sense of
Exercise (3.7.17). Suppose that X is imprimitive. Let Q2 # e # 1q be a parabolic
of X. Then the quotient Xq /. is still a p-scheme by (4) of Exercise (3.7.17). By
formula (3.1.8), we have

Xoje = Inv(K*Y¢,Q/e).

Hence, K*2/¢ is a p-group by induction.
Let A € Q/e. For any t € Sa, there exists s € S such that t = sa. Then |t
divides |s| (Proposition 2.1.18). Thus, [t| is a p-power. It follows that XA is also a
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p-scheme. Since Xa = Inv(K?, A) (statement (2)), K? is a p-group by induction.
Note that K is isomorphic to a subgroup of
K%Y KA.

Hence, K is a p-group as both K*/¢ and K are p-groups.
If the scheme is primitive, by statement (2) of Exercise (3.7.17), S = S1. It
follows that the scheme is regular. Thus, |K| = |1qg| is a p-power. O

2.7.18. Let X be a schurian coherent configuration. Then the group Iso(X’)
equals the normalizer of Aut(&X’) in Sym(€2).

Proof. Set
N = NSym(Q) (K)7
where K = Aut(X). Since X is schurian, every basis relation of X is a 2-orbit of
K. Therefore for any g € N, s € S, and («, 3) € s, we have

57 = (a, /)9 = (o, )7 = r(a?, 5%).
It follows that g € Iso(&X') and hence N C Iso(X).
Conversely, for any h € Iso(X), k € K, and s € S,

-1 -1 -1
Sh kh _ (Sh )kh — (Sh )h =3,

which yields that h=*kh € K. Thus, h € N. Therefore, Iso(X) C N. O

2.7.19. Let X be a quasireqular coherent configuration, i.e., every its homoge-
neous component is regular. Then the group Aut(X) is abelian if each homogeneous
component of X' is commutative. The converse is true if X’ is schurian.

Proof. For a coherent configuration X', denote Aut(X) by K. Since each s € S
is K-invariant, each A € F is also K-invariant. It follows that

K2 < Aut(Xa).

Then there is a group monomorphism:

UK — [ Aut(xa).
A€F
Now assume further that X is quasiregular. Let A € F. Then Xa is regular.
It follows that S(Xa) is a group isomorphic to Aut(Xa). If XA is commutative,
then Aut(Xa) is abelian. If this is true for all A € F, then K = Im(%)) is abelian.
Conversely, suppose that X is schurian and K is abelian. Choose A € F
arbitrarily. Obviously,

(2.7.5) K2 < Aut(Xa).

Since Xa is regular, Aut(Xa) is regular on A. As X is schurian, 1, is a K-orbit.
This yields that K2 is transitive on A. These facts together with formula (2.7.5)
show that Aut(Xa) is abelain. Hence, XA is commutative. O

2.7.20. [85] In the notation of Theorem 2.2.7, assume that the group K is
transitive and H is a point stabilizer of K. Then for any r,s,t € S, the number
|H|ct, is equal to the number of occurrences of the double coset D;+ in the the
product D;.« Dgx.



2.7. EXERCISES 15

Proof. Without loss of generality, we may assume that
Q={Hk: keK}
and K acts on ) by right multiplications. Let
(H,Hx) et, (H,Hy)er, and (H,Hz)E€E s.
Then
D,=HxH, D,=HyH, and D,= HzH,
and
Dy =Hz 'H, D, =Hy 'H, and D,.=Hz 'H.
Observe that
cty={HueQ: (H,Hu) €r, (Hu,Hz) € s}|.
Furthermore,
(HHu)er < HuCD, < HuH=D,,
and
(Hu,Hz) € s < (H,Huxz™') € s* & Huxr 'H = Dy~ & HuH C D,-D;.
Thus,
|H|ct, = |{(g,h) € Dy x Dy :  y~* = gh}|.

Since the right-hand side equals the number of occurences of the double coset Dy«
in the product D, D4+, we are done. ([l

2.7.21. Let e € E and A € Q/e. Then
(1) the mapping Sa — S, sa +— s is an injection; it induces injections from
F(XA) and E(Xa) into F and E, respectively,
(2) the coherent configuration Xz is schurian whenever so is X,
(3) the restriction of a schurian coherent configuration to any homogeneity
set is schurian.

Proof. To prove statement (1), denote the mapping sa +—> s by . Clearly for
sa,ta € Sa,
sa=ta &  o(sa)=p(ta).
This implies that ¢ is an injection. The induced injection from SR to SY is also
denoted by . It is easily seen that ¢ maps reflexive relations to reflexive relations.
Hence, one can extend ¢ to an injection from F(XA)Y to F“ such that

(2.7.6) go(lp) =1r., TI'€e F(XA)U.
In addition, for any s € S(Xa)Y, it is easy to see that
(Q+(5))” = Qx((s))

Now let e € E(Xa). It suffices to verify that ¢(e) belongs to E. By for-

mula (2.7.6)), we obtain
(©2(e))? = Q_(p(e)) = Q1 (p(e))-
This together with the obvious fact that ¢(s*) = ¢(s)* yield that ¢(e) is a reflexive

and symmetric relation on Q(p(e)). Since ¢ preserves the composition of relations,
for any r,s € S(Xa)

rsCe = o) ols) C ple).
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Thus, ¢(e) is transitive on Q(p(e)). This shows that p(e) € E.

Statement (2) follows immediately from statement (2) of Exercise (2.7.17).
Statement (3) is a special case of statement (2): for a homogeneity set A, take
e= A2 O

2.7.22. For any 2-orbit s of the group Sym(Q2) acting on Q™ (m > 1), there
exists an equivalence relation e on {1,...,2m} such that

s={(a,3) € Q" x Q" (a- )i = (a-B); & (i,j) € e}
Conversely, any such s is a 2-orbit of Sym(2) acting on Q™.
Proof. Let s be a 2-orbit of Sym(2) on Q™. Fix (o, 8) € s. Then
s={(a" 8 kesym@)}.
Observe that for any 1 <, < 2m and any k € Sym(2)
(2.7.7) (a-B)i=(a-B); & (& 8= (")
Let e be the relation on {1,...,2m} defined as follows:
(jyee & (a-fi=(a-A)

It is easily seen that e is an equivalence relation on {1,...,2m}. Furthermore, by
statement (2.7.7) we have
(2.7.8) sCH{y,T) e Q" x Q" (y-1);=(y-7); & (4,]) € e}.

To prove the reverse inclusion, let (v, 7) be an arbitrary element in the set on
the right-hand side in . Set
— [y 1< < 2}
Note that for any 1 <i,j < 2m,
(2.7.9) (yri=@-7); < (a-B)i=(a-B);
It follows that there exist indices 1 <71 < ... < i, < 2m such that
utu = (vT)i, #F (VT

Note that n < |Q|. Therefore Sym(f2) is n-transitive on . Thus, there exists
k € Sym(Q) such that

(2.7.10) (v-7)i, = (- B)i,)F, u=1,...,n.
For any 1 < [ < 2m, there exists 1 < u < n such that (y-7); = (y-7);,. By
formulas (2.7.9) and (2.7.10), we have
()= (7, = ((a-B)i,)" = ((a-Bh)".
It follows that (v,7) = (o, 3)¥ € s. We are done. O

2.7.23. Let K < Sym(Q). Then

(1) KM equals the direct product of Sym(A), A € Orb(K, Q),
(2) if K is 2-transitive, then K = Sym(Q),

(3) (K@))® = K(m) where m = min{a, b},
(4) if L < K, then L(m) < KM,
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Proof. For statement (1), denote the direct product of Sym(A), A € Orb(K, Q)
by L. Obviously Orb(L,Q) = Orb(K, ). This implies that L and K are 1-
equivalent. Hence,

L<KW,

The reverse inclusion holds because

KO < H (K(l))A < L.
A€Orb(K,Q)

For statement (2), since K is 2-transitive, Inv(K) = Tq. This implies that
K® = Aut(Inv(K)) = Aut(75) = Sym(€).

For statement (3), first assume b < a. Fix a point § € 2. Then, for any
(1,...,0) € Q, we have (ay,...,,08,...,06) € Q% Since K and K are
a-equivalent,

(@
(Ozl,...,ab,ﬁ,...,ﬂ)K:<O[1,...7Oéb,5,...7ﬁ)K .
This yields that

a)
(o1,...,ap)% = (al,...,ab)K( )

It follows that K and K(®) are b-equivalent. Since K and K are b-equivalent, so
are K@ and K®). In other words,

Orb(K@ by = Orb(K® Qb).
Thus,
(K@)®) = Aut(Orb(K@ Qb)) = Aut(Orb(K®) Q) = K®),
which completes the proof of the case in question. In particular,
K® = (K@)®) > (@
and
(2.7.11) Aut(Orb(K, Q%)) > Aut(Orb(K,Q%)).

Next assume b > a. Applying formula (2.7.11)) to K = K(* and with a and b
interchanged, we obtain

(K@)® = Aut(Orb(K@, Qb)) < Aut(Orb(K@, Q%) = K@,

Since K@ is contained in its b-closure, (K(“))(b) = K@ which completes the
proof.

For statement (4), by the Galois correspondence one can see that
Orb(L,Q™) D Orb(K,Q™) = Aut(Orb(L,Q™)) < Aut(Orb(K,Q™)),
ie., LM < K(m), O

2.7.24. Given a matrix A € Matg, set
(2.7.12) e(A) = {(a,) € Q*: Aa = AB # 0}.
Then e(A) € E, whenever A € Adj(X).
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Proof. Let
A= {ae: Aa #0}.
It is straightforward to see that e(A) is an equivalence relation on A. It suffices to
show that e(A) belongs to S“.
There exists T C SY such that

A= ZatAt,

where each a; # 0 and a; # ay for any t # ¢ € T. For any point a € Q,

Exercise (|1.4.5)) implies that
(2.7.13) Ao = Z ai(Ar) = Zatozit*.
teT teT
It follows that o € A if and only if at* # & for at least one ¢t € T'. Thus,
A=[Jo () erF”.
teT

Let e(s) be defined as in Exercise (2.7.8) for s € SY. Since the set {at* : t € T} in
(2.7.13) consists of pariwise orthogonal {0,1}-vectors, we have

e(A) = ([ e(t) N A%

teT

However, e(t) € E for each t € T by Exercise (2.7.8)). Thus, e(A4) € SV, as required.
U

2.7.25. Let m > 2 be an integer, r € S, and s1,...,8,_1 € SY. Then the
number p,(«, §; 81, ..., $m—1) of all tuples (ay, ..., ;) € Q™ such that

(aham):(aaﬁ) and T(O{i,ai+1)25i, i:1,...,m—1,
does not depend on the choice of («, 3) € r.

Proof. Since Adj(&X) is a coherent algebra, there exists a nonnegative integer a
such that
(Asy - ... - As, )0 A =aA,.

According to the rule of matrix multiplication (see also statement (4) of Exer-
cise ([1.4.8))), one can easily check that for each («, ) € r,

a :pr(a75;817 .. ~7sm71)~

Since a does not depend on the choice of (a, 8) € r, we are done. (]

2.7.26. The scalar product on the adjacency algebra Adj(X') defined by the

formula,
<Z CsAsvzbsAs> = ﬁ chbslsl

ses ses seS
is associative, i.e., (AB,C) = (B, A*C) for all A, B,C € Adj(X).

Proof. Since the scalar product is linear in each arguement, without loss of
generality, one can assume that

A=A,, B=A,, and C = A,
where r,s,t € S.
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On one hand,

(AB,C) = (> et Au, Ar) = a |t\c
ucsS | ‘
On the other hand,
(B.AC) = (40,3 chogle) = sl
veS

Note that [¢t| = [t*] and cL.,. =
with formula (2.1.9) yield that

ct.. by formula (2.1.3). These equalities together

s*r* |t|cf"s

We are done. O

|sleg, = |t7]et

2.7.27. [101,Lemma 2.3] Let X be a shceme and r, s € S#. Then rr* Nss* =
{1q} if and only if ct., <1 for all t € S.

Proof. The scalar product defined in Exercise (2.7.26)) is applied here. Observe
that

1
<ATAT*7ASAS*> = @ Z C;Lr*cgs*

uerr*MNss*

Thus,
1
(2.7.14)  rr*nss* ={lg} < (A A~ AAs)= Ql ——ctecle, = n,ns.
Furthermore,
(ApApe, AgAge) = (AT*AS,AMA )
t
|Q‘ Z 7" S | |
tes
5Ol
|Q‘ =
Z Cr= S|Q|nt
tES
= ZCT*Snt = NpxNg = NypNg.
tes
Here the equality is attained if and only if
.y <1, for all tes.
Together with formula (2.7.14)), these complete the proof. O

2.7.28. Let s be a relation of X. Then so is {(a, 8) € Q*: a > }.

Proof. By using the notation of Exercise (2.7.25)), one can see that, for any
pair (o, 8) € Q2,

pi(a,B;s,...,8) >0 forsome m>2 & a->}f.
——
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To prove that

s ={(a,B) € ?: a> B}
is a relation of X, let t be a basis relation intersecting s’. It suffices to verify that
t C s'. To this end, take an arbitrary pair (a, 8) € tNs’. Then p(a, B;s,...,8) > 0.
Since this is true for any (o, 8') € t (Exercise ([2.7.25))), we obtain (o, 8') € ¢/, i.e.,
tCs'. O

2.7.29. Let ¢ € Isoag(X, X’) and r,s € SY. Then
(1) @(rus) =e(r)Ue(s) and o(r N s) = o(r) Ne(s),
(2) ¢((s)) = (p(s)) and @(rad(s)) = rad(p(s)).
Proof. To prove statement (1), decompose r and s respectively as unions of
basis relations as follows:

r=riU...Ur, and s=s1U...Usy,
where k and [ are nonnegative integers. By formula (2.3.16) on page 67, we obtain
p(rus) =p(riU...Ur,Usi U...Us;)
=(p(r) U... Up(re)) U (p(s1) U... Up(s1))
=p(r) U o(s).

Similarly, one can prove that p(r Ns) = p(r) N p(s).
To prove statement (2), note that by Exercise (1.4.1]),

(s) = {1as), 5,87}
In addition, statement (2) of Corollary 2.3.23 and statement (4) of Proposition
2.3.18 respectively imply that
0(laes)) = lages)) and  ©(s™) = @(s)".
Together with statement (2) of Proposition 2.3.18, this yields that

(2.7.15) 2((s)) = {Lae(s), ¢(s), ()"} = ((s)).
To prove the second equality of statement (2), note that by the first part of
Propostion 2.3.25, ¢(rad(s)) € E’. Since

rad(s) - s = s = s - rad(s),
by statement (2) of Proposition 2.3.18, we obtain

p(rad(s)) - p(s) = @(s) = @(s) - p(rad(s)).
This implies that

p(rad(s)) C rad(e(s))-

L and s = o(s) proves the reverse inclusion. O

This formula for p = ¢~

2.7.30. Every algebraic isomorphism from X onto X’ induces a lattice isomor-
phism from E to E'.

Proof. By the first part of Propostion 2.3.25, ¢ induces a bijection from E
to E’. To prove that ¢ induces a lattice isomorphism, we use the partial orders of
E and E’ defined by inclusion of relations (in both cases, the smallest elements are
the empty sets and the largest elements are respectively Q2 and Q'?). By statement
(1) of Proposition 2.3.18, ¢ respects these partial orders.
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If the join and meet are defined respectively by equivalence closure and inter-
section, i.e.,
e1Vey={e1Ueg) and e; Aey=ejNeo,
then by Exercise (2.7.29)), for any e;,es € E, we have
pler Vez) = p((e1 Uez)) = (pler Uez)) = (p(e1) U p(ez)) = ple1) V p(e2)
and

pler Aez) = pler Nez) = pler) Ap(e2).
Consequently, ¢ induces a lattice isomorphism. ([l

2.7.31. Let ¢ € Isoag(X,X’), e an indecomposable partial parabolic of X,
A €Q/e, and ¢ = p(e). Then for any A’ € /¢, the bijection
Oan i Sa — Sy sa > p(s)ar
is an algebraic isomorphism from X, onto X},.

Proof. For any s € SV, set s’ := ¢(s). By the assumption and statement (2) of
Proposition 2.3.25, ¢’ is indecomposable. Take an arbitrary class A’ € ' /e’. Then
by statement (1) of Theorem 2.1.22, for any s € S,

(2.7.16) SAED & sCe & §Ceé & #0.
Thus, for any basis relations r, s,t C e, formula (2.1.16) shows that

’ t',
(2.7.17) da, =d,=c, = CT’AA,S’A/'

Formulas (2.7.16) and (2.7.17) prove that the mapping sa + sy, is an algebraic
isomorphism from Xa to XA,. O

2.7.32. If one of two algebraically isomorphic coherent configurations is half-
homogeneous (respectively, homogeneous, equivalenced, regular, semiregular, quasi-
regular), then so is the other.

Proof. Let X be a coherent configuration. For any positive integer k, set
Fr(X):={A e F:|Al=k}.
Suppose X’ is a coherent configuration algebraically isomorphic to X. Statement
(2) of Proposition 2.3.22 implies that there is a bijection between Fy(X) and Fy(X”)
for each k. Since X is half-homogeneous if and only if Fj(X) # & for exactly one

k and X is homogeneous if further this k£ equals the degree of X', we are done.

For any positive integer k, set

Sp(X):={s€S: n,=k}.

If X' is a coherent configuration algebraically isomorphic to X, then Corollary
2.3.20 shows that there is a bijection from Si(X) to S(X’) for each k. One can see
that X is equivalenced if and only if it is a scheme and there exists at most one
k > 1 such that Si(X) # @. This proves the statement in the equivalenced case.
The regular case follows from it since X is regular if and only if X’ is equivalenced
and Sk(X) # @ only if k = 1.

Statement (1) of Corollary 2.3.22 implies that each homogeneous component
of X is algebraically isomorphic to some homogeneous component of X’. Since X
is quasiregular if and only if each homogeneous component of X" is regular, the
statement in the quasiregular case follows from that of the regular case. Since X is
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semiregular if and only if X' is quasiregular and Sj, # @ only if £ = 1, we are done.
O

2.7.33. The coherent configuration of a dihedral group Ds,, < Sym(n) is sepa-
rable for all n > 1.

Proof. Let Q@ = {1,...,n}, X = Inv(Ds,), and d = |5]. Without loss of
generality, we may assume that the n-cycle k := (1,...,n) € Dy,.
One can see that rk(X) = d + 1 and the basis relations sg, s1,...,54 can be
chosen so that
A():ASOZIn, Ai=Ay, =P+ Py-i,i=1,...,d—1,

and As, = Pya if n is even and A,, = Pja + Py-a if n is odd. Then by inducition
on i we can prove that

aa, [P i i=L,
Ai—l"‘AiJrl if 1<i<d-1.

These equalities imply that
(2718) 81+ 84 :Si,1USi+1, 1= 1,2,‘..,d—1.

Let ¢ be an algebraic isomorphism from X to a coherent configuration X/ on §'.
Set s} := ¢(s;). Then, by formula (2.7.18]) we have
(2.7.19) s1-Sy=s8_1US;p, i=12,...,d—1

One can see that s; is an undirected cycle of length n. In particular, ns, = 2
and (s1) = Q2. Since ny = ng, (Corollary 2.3.20) and (s}) = Q'* (statement (2) of

Exercise (2.7.29)), the relation s is a undirected cycle of length n. It follows that
there exists a bijection f : Q — € such that

s = (s1)) = p(s1).
By induction, formulas and show that
(s0)) = @(si), i=1,...,d,
i.e., f induces . Thus, X is separable. (Il

2.7.34. [71] Every quasiregular coherent configuration with at most three fibers
is schurian and separable.

Proof. For any coherent configuration X, denote by F := F(X) the set of all
systems of distinct representatives of F' in Q.

Let X be a quasiregular coherent configuration with |F| < 3. Choose A € F.
For each a € (), there exist a unique point @ € A such that  and @ belong to the
same fiber and a unique basis relation s, € S and such that (&, «a) € so. Since X
is quasiregular, the basis relation s, is thin and

(2.7.20) asq = {a}.

In pariticular, for any a, 8 € , (o, @) € s% and (3,) € sg. Since s, and sg are
thin, one can see that

(2.7.21) r(a, B) = sy, (@, B) - sp.
Let ¢ : X — X’ be an algebraic isomorphism. Then the coherent configura-
tion X’ is also quasiregular (Exercise (2.7.32))) and |F(X’)| = |F| (Corollary 2.3.24).
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Therefore, there exists an injection f from A into €’ such that A’ := Im(f) with
A" e F(X') and

(2.7.22) r(6,7)7 = (6 ,47), Gy €A,

here we use the fact that |F| < 3. By the same reason, X satisfies the assumption
of the lemma below. The rest of the proof immediately follows from this lemma.
Lemma A. Let X be a quasireqular coherent configuration. Suppose that for
any ¢ € Isoue (X, X'), any two distinct o, f € A € F, and any o', 3" € Q' with
o(r(a, B)) = r(a’, '), there exists an injection f : A — Q' such that (o, 3)f =
(o, B8) and condition is satisfied. Then X 1is separable and schurian.

Remark B. To prove the separability of X, it suffices to assume the weaker
condition, namely for any A € F, there exists an injection f : A — Q' satisfying

condition (2.7.22]).

Proof. If |F| = 1, then X is regular. Hence X is schurian and separable
(Theorem 2.2.11, Theorem 2.3.33). We may assume without loss of generality that
|F| > 1.

Let ¢ € Isoag(X,A”). Take A € F (for arbitrary o and 8). Then by the
assumption of the lemma, there exists an injection f : A — Q'. One can extend f
to a bijection  — €', also denoted by f. Namely, for any a € €2, set af to be the
unique point of £’ such that

(2.7.23) alp(sa) = {a'},
(here we use the facts that ((s,) is thin and @ € Q_(p(s,))). In particular,

_ * =f
(afaaf) € @(Sa) and (6 aﬁf) € QD(S[;).
Since ¢(sq) and ¢(sg) are thin, we obtain

* a— *f
r(al, 1) = p(sa)* - 1@, B7) - o(s5)-
Together with formula (2.7.22)), this imples that for any «, 8 € €,

r(a, 8)? =(sk - r(@, p) - sﬂ)“"
=p(sa)" (@, B') - (s5)
=r(a’, )
=r(a, B)7.

It follows that f € Iso(X, X', ¢). Hence, X is separable.

To prove the schurity of X', take « and § from different fibers of X and arbitrary

o', € Q such that
r(a, ) =r(a’, B).

Let X' = X, ¢ = idg, and A € F be such that o, 8 € A. By the assumption of
the lemma, there exists an injection f : A — € such that (a,8) = (o/,3") and
condition is satisfied. One can extend f according to formula (2.7.23) to a
bijection from €2 to itself. By the arguement of the previous paragraph, f induces
¢ =idg. This yields that f € Aut(X).

It follows that the group K generated by all such f for all possible («, 8) and
(o, B') is transitive on r(«, 8). Therefore,

(2.7.24) Orb(K,T x A) = Sp.a,
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for all distinct I, A € F. In particular, K acts transitively on each " € F'. However,
KT is a subgroup of the regular group Aut(Ar) (the regularity holds because X is
quasiregular). Thus, K* = Aut(&r). This proves formula (2.7.24) for I' = A. We
are done. (]

2.7.35. Every semiregular coherent configuration is schurian and separable.

Proof. Let X be a semiregular coherent configuration. Since X is obviously
quasiregular, it suffices to verify the assumptions of Lemma A on page [23| for X.

Let ¢ € Isoa1g (X, &”). By Exercise X’ is semiregular. In particular, all
basis relations of X and X’ are thin.

Take two distinct points « and 5 belonging to some A € F and two points
o, B € Q such that

o(r(a, B)) =r(a’, 8).

For any v € A, the fiber containing o’ is equal to Q_(p(r(a,v))) (statement (2)
of Corollary 2.3.23). Since every basis relation of X is thin, there exists a unique
point 7/ € ' such that

(2.7.25) {7} = d'p(r(e, 7).
Note that
y=a=9=d and y=p=+"=4".
Moreover, if v # A € A, then r(a,v) # r(a,\). Hence, 7/ # X. It follows that
formula defines an injection
f:A = Q, v«

such that(a, 8)F = (o/,8'). Since every basis relation in & is thin, we deduce that
for any v, A € A,

r(77 >‘) = T’(OL,’}/)* : 7’(057 A)
It follows that for any v, A € A,

o(r(7,A) = o(r(e,7)" - r(a,A))
= @(r(a,7)7) - ¢(r(a, A)
= ¢(r(a,7))" - p(r(a, )
=r(af, ) (ol \)
=r(y/,\)
This implies that the injection f satisfies condition . We are done. O

2.7.36. Let K <Iso(X). Then K < Aut(X¥).

Proof. Choose an arbitrary basis relation ¢t € S(X*). There exists s € S such

that
t= U sk
keK
This implies that ¢ is K-invariant. Since this is true for any basis relation ¢
of S(X¥), we deduce that K < Aut(XX), as required. O

2.7.37. Let ¥ < Autag(X), ¢ € I80414(X, X'), and ¥’ = ¥ ~!. Then
(1) ¥ < Autag(X'),
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(2) @y S(XY) = S(X’q]/), s¥ = o(s)¥ is a well-defined bijection,
(3) @y € Isoae (XY, 7).

Proof. By the definition of algebraic isomorphisms, both the inverse of an alge-
braic isomorphism and the composition of two algebraic isomorphisms are algebraic
isomorphisms. This proves statement (1).

To prove the other statements, observe that X% < X. By Corollary 2.3.21, the
algebraic isomorphism ¢ induces by restriction an algebraic isomorphism from X'
to the coherent configuration

()P = (e e = ()",

here we use statement ( ). However, this induced algebraic isomorphism maps a
basis relation s¥ € S(X"7),s € S to ¢(s)¥ because

U b(s) = | evls) = | (e ")(e(s) = p(s)".

Ppew Ppew PYeW
This proves statements (2) and (3). O

2.7.38. Find a schurian algebraic fusion of a non-schurian scheme.

Proof. Let X be the unique non-schurian scheme of degree 15. Then X is an
antisymmetric commutative scheme of rank 3. Thus,
p: S—=85 s—s*

is an algebraic isomorphism of X'. Set

P = (p).
Then the algebraic fusion X® = T, is obviously schurian. O

2.7.39. Let G be a group, K = (G,;gnt, Giest), and X = Inv(K, G). Then
(1) the stabilizer K7 of the identity of G in K equals Inn(G),
(2) Orb(K1,G) = {29 : z € G},
(3) Adj(X) is isomorphic to the center of CG,
(4) the scheme X is commutative.

Proof. For any z € G, set z, := 2,,,,, and c; to be the conjugation mapping
of G induced by z,
c: G — G, g—algr
To prove statement (1), we make use of Exercise [1.4.13| showing that
Inn(G) C Kj.
Conversely, for any k € K7, this exercise implies that there exist y, x € G such that
k = yrcg. Thus,
1=1F =19 =y*,
It follows that y = 1. Hence, k = ¢, € Inn(G). We obtain
K; C Inn(G).

We are done.
Statement (2) follows directly from statement (1).
Note that X is a Cayley scheme over G. For each s € S, by formula (7?)

p~(s) = as,
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where p is defined as in Exercise [[.4.15 and a = 1 is the identity element of G.
Furthermore, if (o, ) € s for some = € G, then

as = IEG.

Hence, the S-ring corresponding to X (see formual (2.4.9)) is equal to
2 = Span{z® : z € G}.

This yields that 2 is the center of CG.

Note that the mapping p induces a linear isomorphism from 2 to Adj(X’), which
takes S(2A) to the standard basis of Adj(X). Moreover, this linear isomorphism
preserves the structure constants with respect to these bases (page 83). It follows
that

Adj(X) = 2.

This proves statement (3). Since 2l is commutative, statement (4) follows. O

2.7.40. Let X be a Cayley scheme and X > X’. Then X is normal, whenever
so is X’.
Proof. Denote by G the underline group of X. Then,
Grigne < Aut(X).
Since X’ < X, by formula (2.2.5) we have
(2.7.26) Aut(X) < Aut(X).
It follows that
Grigne < Aut(X).
Thus, X’ is a Cayley scheme. Now assume that X’ is normal, then
Gigne JAut(X).
By formula ,
Gigne TAut(X),
which yields that X is normal, as required. ([l

2.7.41. Let X be a cyclotomic scheme over a group G, H a characteristic
subgroup of G, and p the mapping defined in Exercise Then H” € E.

Proof. Let M < Aut(G) be such that X = Inv(G,,,,.M,G). Observe that for
any x,y € G,
(r,y) e H? <& ya~'eH.
As H is a characteristic subgroup of G, for any m € M
yr'eH & (yr)"eH < (2™y™) e H".

It follows that H” is M-invariant. Obviously, H” is G,.,,,.-invariant. Therefore, H”
is G,.gnM-invariant. Thus, H? € SY. Since H” is an equivalence relation on G
(statement (6) of Exercise [1.4.16]), we are done. O

2.7.42. Let 2 and 2’ be S-rings over groups G and G’, respectively. Then

(1) a ring isomorphism ¢ : 2 — 2’ is an algebraic isomorphism if and only if
X% e S(A) for all X € S(A),
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(2) a bijection f : G — G’ is an isomorphism from 2l onto 2’ if and only if
there exists an algebraic isomorphism ¢ : 2 — 2" such that

f(Xy) = X%y forall X € S(A), y € G.
Proof. Let X = X(G,2) and X' = X(G',A"). Then
(2.7.27) S@)={s" :s5€ S} and SE)={s""" :5 €S},

where p and p’ are defined according to formula (1.4.7). Suppose the bijection
0 : S(AA) — S(A) is an algebraic isomorphism of S-rings. By definition, this means
that
-1 7—1
P S(X) = S(X), s (s" ¥
is an algebraic isomorphism of schemes. In other words, we have
X=Xy, X eS@).
To prove the necessity of statement (1), suppose that the ring isomorphism ¢
is an algebraic isomorphim (of S-rings). This means that there exists an algebraic
isomorphism ¢ from X to X’ such that

—1 /=1

el )= g(s) ", ses.

If the left-hand side X := s = runs over S (), then the right-hand side runs over

S (see formula (2.7.27)), as required.

To prove the sufficency, assume that ¢ : 2 — 2 is a ring isomorphism such that
X% e S(A) for any X € S(A). It follows that there exists X’ € S(') satifying
X' = X"

Since @ is obviously a linear isomorphism, 20 and 2’ have identical dimensions.
Taking into account that S(2A) and S(2') are linear bases of 2 and 2" respectively,
we conclude that the mapping X — X’ is a bijection. Thus,

@:p(X)=p (X )
is a bijection from S(X) to S(X’) (see formula (2.7.27)).
Moreover, for any p(X), p(Y), p(Z) € (X)7

P2 z 7 _ pZ)
Cp(X).p(y) = EXY T EX1 Y T Cp(x) (v

where the first and the third equalities follow from formulas on structure constants
on page 83 and the second equality follows from the fact that ¢ is a ring isomor-
phism. We deduce that ¢ is an algebraic isomorphism from X to X”.

To prove the necessity of statement (2), assume first that f : G — G’ is an
isomorphism from 2l to 2I'. This implies that

S ={p(X)": X € S(A)}.
Hence, for any X € S(21) there exists a unique X% € S(') such that
(2.7.28) p(X) = p/(X¥).
Moreover,
p: S@) = SE), Xm— X¥
is an algebraic isomorphism of S-rings. Thus, for any y € G and any x € X,

(.ay) €p(X) = (ay)l €p(X?) = (ay) € X?y/
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This yields that

F(Xy) € XPy .
Since f is a bijection and | X| = |X?|, we conclude that for all X € Sand y € G
(2.7.29) f(Xy) = X7y’

Conversely, if there exists an algbraic isomorphism ¢ from 2( to 2’ satisfying
for all X € § and all y € GG, then it is easy to see that equality holds for
all X € 8. Thus, the bijection f : G — G’ is an isomorphism induced the algebraic
isomorphism ¢. O

2.7.43. Let Q be the set of flags of a projective plane of order ¢, where the flag
is a pair of a point and a line incident to it. Every two flags (p,{) and (p’, ') belongs
to one of the relations in the set S = {sq,...,s5} that are defined as in Fig.
where the double line and arrow denote the equality and incidence, respectively,

so: 51: 52: 33: 34: s5 1 @0
@) @)= @) @)= D@, @~

FIGURE 2.4. The scheme on flags of a projective plane: basis relations.

and the absence of any line means general position. For example, so = 1q and s
consists the pairs of flags having common point. Then

(1) s, = sr if and only if ¢ # 3,4, and s% = s,,

(2) (s3,84) = (8182, $2-81) and 5 = 81 - S - §1 = S2 + 81 - So,

(3) the rainbow (€2, S) is a scheme of degree (¢* + ¢ + 1)(¢ + 1) and rank 6.

Proof. For each i, the relation s; is symmetric if and only if * induces an auto-
morphism of the diagram in Fig. corresponding to s;. This proves statement (1)
for i # 3,4. The rest follows from the fact that * maps the diagram of s3 to that
of s4 and vice versa.

To prove statement (2), let (p,1), (p',1') € Q. It is easily seen that

((p,0), @ I')ess <= p#p,1#1 and (1) ¢Z, (pl') el
& (D) es and (1), [,1) € s
s ((p,), 1)) € s1- 2.
It follows that s3 = s1 - s2. By statement (1), this implies that
sS4 =83 =_(51-52)" =55 5] =52-851.
To prove the remaining equalities, we argue as before to get
(20, 1)ess < (D, (P.1") €ss and ((p,1"),(,0)) € 51
s ((p,D),(@,1)) € 5351,
where I = pp’. Since s3 = s1 - $2, we obtain
S5 = S3-81 = 818281

This last equality in statement (2) can be proved similarly.

To prove statement (3), we note that (Q,5) is indeed a rainbow: the condi-
tion (CC1) holds as sgp = 1g and the condition (CC2) follows from statement (1).
It suffices to verify the condition (CC3), which follows from the lemma below (the
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calculation of || follows from the facts that in any projective plane of order g,
there are ¢? + ¢ + 1 points and each point belongs to ¢ + 1 distinct lines).

Lemma. For anyi,j,k € {0,...,5}, the number |as; N Bs}| is a polynomial
in q that does not depend on the pair (o, ) € sg.

Proof. Let 4,5,k € {0,...,5} and («, 8) € sg. Set

oy = cly(a, B) = |asi N Bs} .
Denote c2. by n;. Then by an easy computation, one can get that
1 if k=0,
g if k=12,
n; = 5 .
¢ if k=34,
¢ if k=5

In what follows, we compute ci?j # 0 with 4,5,k € {1,...,5}. By statement (2) and
its proof, we have:

1+ 82 = 83, 2+ 81 = S4, 83+ 81 = S5,
S1 S84 = S5, 52+ 83 = S5, S4 + S2 = S5.

In each of these cases, s;-s; = s implies n;n; = ny (see the formula for n;). Thus,

3 _ 4 _ 5 _ 5 _ 5 _ 5 _
Clg = Cgp = €31 = g = C33 = Cjp = L.

Since both sg U s and sgp U so are equivalence relations on €2, we have,
i1 =ch=q-1.
Let A; := A;,,i = 0,1,...,5. Then from what we got above, it follows that
each of the products
ArAg, AgAy, AsAy, A1Ay, AsAs, AgAa, A1Ar, AAy

is a linear combination of Ay,..., As. Because of this, each of the products below
is also a combination of this type:

AAz = A%Ag =qAhy+ (qg—1)A1 A, A A5 = A%A4 =qAs+ (g—1)A1 Ay,
Ay Ay = AJA) = qA; + (q — 1) Az Ay, Ay Ay = AJA3 = qAs + (q — 1) Az As,
AzAy = A1 A3 = qAr1 + (¢ — 1)A1As,  AsAy = A1A3A; = gAT + (¢ — 1) A1 Ay,
AyAy = AgA? = qAs + (g — 1) Ag Ay, AyAs = AgA2 Ay = qA3 + (g — 1) Ag As,

Ai = A§A3 =qAs+ (g —1)AsAs, As Ay = A3A% =qAs+ (qg—1)A34,,
As Ay = A4A§ =qAs+ (g —1)A4A,.

—_ — — —

Then each of the rest products is also a combination of the same type:

Aj = A1(A24147) = Ay 45, A3As = A1 AJA3 = qA1As + (¢ — 1) A1 As,
AgAs = Ay ATAy = qA3 Ay + (q — 1) A7, AsAz = ATAy = qA3As + (q — 1) A5 Ay,
AsAy = A1 A? = qA1 A5 + (¢ — 1) A1 As, A2 = AjAsAs = qA4 A3 + (g — 1) A1 (A A3).

Now the computation that we did shows that each ci?j is a polynomial of q. We are
done. O
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2.7.44. Any scheme algebraically isomorphic to the scheme associated with a
projective (respectively, affine) plane, is associated with a projective (respectively,
affine) plane of the same order.

Proof. Let X be the coherent configuration associated with a projective plane P
and ¢ an algebraic isomorphism from X onto X”. Then X’ has two fibers (Corollary
2.3.24):

P :=P% and L :=1L°,
where P and L are fibers of X'. Set
Q=P UL and s,:=¢p(s;), i=1,...,8.
Since the algebraic isomorphism ¢ preserves intersection numbers, we obtain
Csz’e =cg, =1 and szsg =cy, =1

Let us define an incidence relation on €', where the set of points, the set of
lines, and the incidence relation are respectively P/, L', and sf. Then the above
formulas imply respectively that the axioms (P1) and (P2) are satisfied.

Let the order of P be ¢ > 2. Our next goal is to show that (P’, L’) satisfies
the axiom (P3). Fix a point p}. Since the number of lines incident to p} equals

ng = ¢+1 > 3, one can find three distinct lines /1, l5 and I3 incident to pj. Because
ILl=¢"+q+1>q+1,

there exists a line I} not incident to pj. Denote by ¢, the point which is incident
to ) and I, 1 = 1,2,3. Now choose a point p}, which is incident to I, but different
from p| and g; (here we use the fact that ny = ¢+ 1> 3). Then the four points
P}, ¢4, g5 and ph satisfy the axiom (P3) obviously.

Now let X = (2,.5) be a scheme of a finite affine plane A of order q. And let ¢
be an algebraic isomorphism from X onto X’. Since X is symmetric of degree ¢2,
X' is symmetric of degree ¢2.

Set

Q:=Q% and & :=¢p(s), seSb.
Since ¢ preserves intersection numbers, formula (2.5.5)a implies that the nonzero
intersection numbers ¢, with 1o/ ¢ {1, s'} are as follows:

g—1 if =5 and t =1q,
g =Lq-2 if r=s5=t,
1 it £ £V £
Observe that for any irreflexive basis relation s,
(2.7.30) ss =5 Ulg.

This yields that ey := 1g- U’ is a parabolic of X’. For any o’ € €', the class of ey
that contains o’ is denoted by Iy . Then, we have

(2.7.31) ly oo ={a'}Ud’s’ and Q'/ey, ={lyo:ad €Q}.

Claim: Let s',¢' € S’ and o/, 8’ € . Then |lss o Nly | = 1 whenever s’ # ¢'.

Proof. Set v’ :=r(a/,3'). If ' = &' (respectively, ' =t'), then g o NIy g =
{B'} (vespectively, Ly o Ny g = {&’}) by the first formula in (2.7.31). To prove
the claim, we may assume that

s #Er £t
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Then c;’:t, = 1 (see the formulas for intersection numbers). Therefore,
ls,or Nl pr = {7'},
for a uniquely determined point ~/, as required. ([l
Now we define an incidence structure with point set €', line set
L ={lgo:secS? aecQ},
and the incidence relation given by inclusion. Our next goal is to prove that this

incidence structure is an affine plane.
Let o’ and 3’ be distinct points. Then

/Y
O‘:B 6ls’,oz’a

where s = r(a/, 8). Let Iy 4 be another line containing o and §’. By the second
formula in (2.7.31)), we have s’ C e;. Thus, s’ = t'. It follows that

ltl},‘// = lslya/,
This yields that Iy o is the unique line containing o and 4’. Thus, the axiom
(AP1) holds.

Let 5’ be a point and Iy o a line such that 3’ ¢ Iy o . It follows that Iy o #
lgr. 3. Then, Iy o Nlg g0 = & by the definition, i.e., the line [y g/ is parallel to the
line Iy . For any t’ # ', the line l; g intersects the line Iy o+ by the claim. Thus,
the line I,/ g/ is the unique line parallel to the line Iy .. This proves the axiom
(AP2).

To prove the axiom (AP3), let I’ € £’ be a line. Then

2<q=I'|<|=¢
Therefore, there exist distinct points o, 8’ € I’ and a point v/ ¢ I’. Since I’ is the
unique line containing o’ and §’ (axiom (AP1)), the three points o/, ', and +/
statify the axiom (AP3).

Denote the constructed affine plane by A’. Then the irreflexive basis relations
of X' are in one-to-one corrspondence with the parallel classes of A": s € S'#

corresponds to the parallel class {ly o : o € Q'}. It follows that X’ is the scheme
of the affine plane A’. We are done. O

2.7.45. Among the affine schemes, there exist

(1) schurian schemes, which are not separable,
(2) normal Cayley schemes, which are not schurian.

Proof. To prove statement (1), take two nonisomorphic affine planes of order ¢,
one of which is the Galois plane (there exist infinitely many ¢ such that there at
least two such planes and the smallest ¢ equals 9; see the table on page 11 iI’ED.
The schemes of these planes are algebraically isomorphic (Theorem 2.5.8) but not
combinatorially isomorphic. Thus, each of these schemes is not separable. The
required example is given by the scheme of the Galois plane (this scheme is schurian
by Theorem 2.5.7).

To prove statement (2), take a non-Galois translation plane A (by definition,
a translation plane is an affine plane whose automrophism group has a regular
subgroup acting on the points). Let X be the scheme of A. Then X is not schurian.

lG.E. Moorhouse, Incidence Geometry, University of Wyoming, Math 5700 course notes,
2017.
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Moreover, by Theorem 2.3.15 inEL X is a normal Cayley scheme over the regular
subgroup of Aut(A). O

2.7.46. In any (n,k, A)-design, the number r of blocks containing a point does
not depend on the choice of this point. Moreover,

nr=>bk and An-1)=rk—-1),
where b is the number of blocks.

Proof. To prove the statement, we may assume without loss of generality that
A>0. Let « € Q and By,..., B, be all the elements in B that contains o. Then

r

kr =Y |Bi| = (n— 1A+
i=1

Indeed, we can count the sum .., |B;| in two different ways: the first one uses
the fact that |B;| = k for each i, whereas the second one is obtained from the fact
that any 8 # « is counted A times and « is counted r times. This proves the second
equality in question and shows that the number r does not depend on the choice
of a. The first equality follows by counting the sum of the cardinalites of all blocks
in two different ways. O

2.7.47. A design ® is said to be symmetric if the number of blocks is equal to
the number of points. The following three statements are equivalent:
(1) ® is symmetric,
(2) any two distinct blocks of ® have the same number of common points,
(3) D is a coherent design, the corresponding coherent configuration of which
has type [3 3].

Proof. Let © be an (n, k, A)-design on A, b the number of blocks, and r the
number defined in Exercise Without loss of generality, we may assume that
n>1and b> 1. If r = A, then kK = n by Exercise and we are done. In
what follows, \ # r.

Let A be the {0,1}-matrix with rows and columns indexed respectively by A
and ‘B such that

Aup=1 & «acb.

By formula (2.5.7),
(2.7.32) JAA=kJag and AJy =1rJam.
And by formula (2.5.9),
(2.7.33) AAT = \(Ja — IpA) +7IA.
This matrix is nonsigular as r # A. Thus,
(2.7.34) n =rk(AAT) = 1k(A) < b.

2M. Biliotti, V. Jha, and N. L. Johnson, Foundations of Tanslation Planes, Pure and Applied

Mathematics, A Program of Monographs, Textbooks, and Lecture Notes, No. 243, New York,
Basel, 2001
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(3) = (2) Let X be the coherent configuration associated with ©. In the
notation of Proposition 2.5.11, each block of ® has the form as,a € T', where
I' = Q_(s). The assumption on © implies that for any «, 3 € T,

as#fs & (o) €,
where t is the unique irreflexive basis relation in Sp. Hence, the cardinality of the
intersection of any two distinct blocks is ¢!

ss* *

(2) = (1) Assume that any two distinct blocks of ® have exactly ! common
points, for a fixed integer | > 0. Then the complementary design @’ is a (b,r,1)-
design ®’ on B with blocks

{Be®B:aeB}, acA

Applying formula to the designs ® and ®’, we obtain respectively n < b
and b < n. It follows that n = b, as required.

(1) = (3) Assume n =b. Then r = k by Exercise Moreover, Ja o and
A are square matrices. Since AAT is nonsigular and rk(A4) = rk(AAT), it follows
that A is nonsigurlar. By the second equality in formula ,

1
A_le’sB = ;J%.
By the first equality in that formula, we obtain
k
AN JAA) = A Y kJa ) = — .

These two formulas together with formula (2.7.33)) yield that
ATA=A"1AAT)A
= A7 \Ja + (r = N)Ia)A

(2735) = )\A_l(JAA) + (7’ — )\)I%
Mk

= )\J% + (7“ — /\)IsB

Let 2 = AU%. From now on, it is convenient to consider the linear spaces
Mata, Matgs, Mata o, and Matgs A as subspaces of Matg via the natural injections
from A and 9B to .

Define a rainbow X = (£,5) with S the partition of Q2 into the relations
belonging to the union of the following sets:

Sa=S(Ta), Sw=5(Ts), Sams={s,s'}, Ssar=SrAm,

where the adjacency matrix of s is equal to A and s’ = (A x B)\s. By for-

mulas (2.7.32), (2.7.33)), and (2.7.35)), it follows that that Adj(X) is closed with

respect to matrix multiplication. Thus, X is a coherent configuration of type [3 3].

Since B = B, the design D is coherent. We are done. O

2.7.48. [22] Define a system of linked designs to be a collection {Qy,...,Q}
of sets (m > 3) and an incidence relation I;; C Q; x Q; for all distinct ¢ and j, such
that for all distinct 4, j, and k,

(LD1) the pair (;,{al;; : o € Q;}) is a symmetric design,
(LD2) the number of elements in €, incident with both a € Q; and 8 €
depends only on whether or not («, 8) € I;;.
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Then every such system defines a coherent configuration X on the union of the €2;,
such that

(1) F={Q,...,9m},

(2) Xq, = Tq, for all i,

(3) Sﬂi,Qj = {Iij,li’j} for all 7 # j, where szj = (s x Q) \Iij.

Proof. By condition (LD1), the implication (1) = (3) in Exericse yields
that for any ¢ # j, the pair (Q; U, S;;) with

(Sij)Qi =Ta,, (Sij)ﬂi,Qj = {Iij7Iz(j}7 (Sij)Qj = 7?2]-

is a coherent configuration. For each i, let I;; be the irreflexive basis relation in 7q,
and I}, = 1qg,. It is straightforward that

(2,9) = (2 {L; Iy 1< 4,j < m})

R ]
is a rainbow, where Q = J, ;. To complete the proof, it suffices to show that
(€, .5) is a coherent configuration.
Let 1 <4,j <m, r € S, and s € S;. Assume that - s # &. Then we need
to verify that the number |ar N Bs*| does not depend on the choice of (o, ) € t,
where ¢t = I;;; the case t = I{j is proved similarly.
First, suppose that ¢ # k # j # i. If r = I, and s = Ij;, then the required
statement follows from the condition (LD2). If r = I, and s = Ij;, then
Bs* = (ady, N BI;) U (ar N pBs®)
is a disjoint union. Since |B1};| is the k-parameter of the symmetric design in the
condition (LD1) and |aly, N BI};| is constant, we are done. The same argument
works if r = Ij, and s = I} ;. Finally, if » = I}, and s = I}, then the required
statement follows from the facts that the decomposition
Bs* = (aljy, N Bs™) U (ar N Bs™)
is disjoint and that the numbers |3s*| and |al;; N Bs*| are constants.
Second, suppose that {i,j,k} = {a,b} with 1 < a,b < m. Then |arNfs*| is an
intersection number of the coherent configuration (£2, U O, Sqp) and we are done.
O

2.7.49. The mapping (2.6.1) is a closure operator in the class of all rainbows X
on €2, i.e., the following statements hold:

(1) & < WL(X),
(2) if X < X', then WL(X) < WL(X"),
(3) WL(WL(X)) = WL(.X).
Proof. By the definition of coherent closures, one can see that
(2.7.36) YVeETQ,S(X) = X<V and WL(X) <.
Setting X := X and Y := WL(&) in formula (2.7.36)), we get statement (1).
By statement (1), we have
X <X <WL(AX).
This implies that WL(X”) belongs to T(€2, S(X)). Thus, statement (2) follows from
formula ([2.7.36) for X = X and ) = WL(X”).
Setting X' := WL(X) and Y := WL(X) in formula (2.7.36]), we have
WL(WL(X)) < WL(X).
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The reverse inclusion in statement (3) follows by statement (1). O

2.7.50. Let S and T be sets of binary relations on Q. Assume that SY C TV.
Then WL(S) < WL(T).

Proof. Denote WL(T') by X. By the assumption and the definition of coherent
closure,
ScsYcT?CSx)v.
This implies that X € T(Q,.5). Since any coherent configuration in ¥(£2,5) is a
fission of WL(.S), we are done. O

2.7.51. Let T be a set of binary relations on €. Denote by S the partition of Q2
such that (a, 8) and (¢, 8’) belong to the same class if and only if

Vie{lgtUT UT": (a,B)et & (,3) €t
Then (2, .5) is a rainbow and WL(T') = WL(S).
Proof. Let U = {1o} UT UT*. We claim that
(2.7.37) UcCS".
Indeed, given s € S and ¢t € U, we have
sNt#2 = sCt,

for otherwise there exist pairs (o, 8), (¢, ') € s such that (a, 8) € t but (¢, 8') ¢ ¢,
a contradiction. Moreover, for any s’ € S such that s’ # s, by formula (2.7.37) and
the definition of S, there exists u’ € U such that

(2.7.38) s Cu and snu =2.

Next we prove that (€2,.5) is a rainbow. Since 1o € U, formula (2.7.37)) implies
that 1o € SY. Thus, condition (CC1) holds.

To verify condition (CC2), let s € S. For (3, ), (8,a’) € Q2, one can see that

(B,@),(B,a") € 5" = (a,p),(,B) €5
— (,B)ete (d,p)et,VteU
— (Bo)et' = (B,d)et, Vtel.
Since U* = U, we are done.

Finally, we show that WL(S) = WL(T). By formula (2.7.37), we have T% C S“.

By Exercise (2.7.50)), this yields that
WL(T) < WL(S).

To prove the reverse inclusion, it suffices to prove the following claim.

Claim: S C S(WL(T))".

Proof. Let s € S. Suppose first that s is contained in v := {J,cyu. By
formula (2.7.37)), there exists u € U such that s C u. Then for each s’ # s with
s' C wu, there exists v’ € U satisfying formula (2.7.38). Let w be the union of all
such u’. Then

wNs=2 and u\s Cw,
where the second formula holds because u € SV. It follows that

s =u\w.
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Observe that u,w € UY C S(WL(T))" as WL(T) is a rainbow. The claim follows
in this case. To complete the proof, it suffices to note that if s ¢ v, then by the
definition of S and v we have s = Q%\v. O

2.7.52. Let X = (2, D) be a colored graph, and let ¢ be an algebraic isomor-
phism from X = WL(P.,) onto another coherent configuration. Define a graph
X' = X% by

cx

QX)=Q% and D(X')=D¥
with a coloring cxs each color class of which is of the form (3" (i))¥ for some color i

of c¢x. Then the colored graphs X and X% are isomorphic if and only if ¢ is induced
by an isomorphism.

Proof. Set
T:=Pep, T : =P, and X' :=X%
To prove the necessity, let f € Iso(%,X’) be a (colored graph) isomorphism. Then
for any color class t € T,
(2.7.39) th =%,

Without loss of generality, we may assume that (Q2,7) is a rainbow. Indeed,
if X is not a complete colored graph, then X is replaced by a complete colored graph
with an additional color class. Now T is a partition of 2 satisfying the condition
(CC1). If T # T*, then T is replaced by {t Ns* :¢,s € T,t Ns* # T}. After these

replacements, f and ¢ still satisfy formula (2.7.39)).
To complete the proof of the necessity, it suffices to verify formula (2.7.39)) for

all t € S, where S = S(X). By Lemma 2.6.3, it suffices to verify this formula for
all t = w(r, s,t), where w,(r, s,t) is defined on page 99. However, one can easily
see that

wy(r,5,6)" = w, (r!, s 7)) = w, (r?, s9,t9) = w,(r, s,1)%.

We are done.
To prove the sufficiency, suppose that f € Iso(X,X’, ). Since T' C SV, it
follows that
ot)y=t/, vteT.
This yields that f € Iso(T,T"). O

2.7.53. Let X be an undirected cycle on n vertices. Then WL(X) = Inv(Day,).

Proof. Without loss of generality, we may assume that Q = {1,...,n}. Then,
S(X)={so=1q,s1,-.-,84},

where X = Inv(Dy,), d = [ 5], and s1,...,s4 are defined as in Exercise (2.7.33).
In particular, we may assume that the arc set of X equals s;. Then

WL(X) = WL({s1}) < X.

To prove the converse inclusion, note that sp and s; are relations of WL(X).
Using formula ([2.7.18]) and induction on ¢ = 0,...,d, one can see that each s; is a
relation of WL(X), i.e., S(X) C S(WL(X))". It follows that

X < WL(%).
We are done. O
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2.7.54. Let X be a vertex-disjoint union of two connected graphs X; and X,
on  and Qg, respectively. Assume that A € F(WL(X)) is such that

[ANQ| # |[ANQD,.
Then the graphs X; and X5 are not isomorphic.

Proof. Suppos;e the conclusion is false. Then there exists f € Iso(X1, X2). Let
Q=07 UQy and f € Sym(Q) be such that

7 af if ae€ )y,
o’ = —1
of if ae€ Q.
Then obviously f € Aut(X). By formula (2.6.3), we have f € Aut(WL(X)). This
implies that Af = A for any A € F(WL(X)). Since Qf = Q,, it follows that

An) =afnof =ANQ,.
Thus, |AN Q| =|ANQ| for all A, a contradiction. O

2.7.55. Let X be a graph and ¢ an algebraic isomorphism from WL(X) to
another coherent configuration. Then

(1) if s4(%) is the relation on (%) consisting of all pairs of vertices at dis-
tance d in X, then s4(X)¥ = s4(%X%),

(2) if the graph X is distance-regular, then the graph X¥ is also distance-
regular and TA(X) = TA(X¥).

Proof. To prove statement (1), by Exercise (2.7.52)) we have p(A) = A’, where
A and A’ are respectively the adjacency matrices of X and X¥. Thus, applying the
notation in the proof of Theorem 2.6.7, for each i > 0,

plA) = (Y A) =) AT = AL
7=0 =0

Thus, one can see that
(s:)7 = (s7(A))? = sp (A7) = si,
where sy is defined on the end of page 102. In particular,
54(X)? = (sa \ 54-1)" = sa(X¥),

as required.
To prove statement (2), observe that if X is distance-regular, then

S(WL(%X)) ={s; : i =0,...,d},
where d is the diameter of X. By statement (1),
S(WL(X%)) ={s;:i=0,...,d}.
This implies that X¥ is distance-regular. Since ¢ preserves intersection numbers,

IA(X) = IA(X¥). O

2.7.56. Let X be a connected but not 2-connected undirected grap}ﬁ with at
least 3 vertices. Then the coherent configuration of X is not homogeneous.

3An undirected graph is said to be k-connected if no two of its vertices are separated by fewer
than k other vertices.
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Proof. Since X is not 2-connected, there exists a vertex o such that X’ is not
connected, where X’ is the subgraph of X by removing the vertex a. Set € := Q(X)
and ' := Q(X').

Since || > 2, the integer

d := max{d(a, ) : B €}

is positive, where here and below the distances are taken in the graph X. Choose
B € € such that d(a,B) = d. Since X’ is not connected, there exists a vertex
~ € Q' such that 8 and « belong to distinct connected components of X’. Since X
is connected and X’ is not connected, any path from 8 to 7 in X passes through a.
This implies that
d =d(B,v) =d(a, B) + d(a,7) > d.

Denote by sq the relation on € “to be at distance d’”. Then s, is a nonempty
relation of X' := WL(X) (statement (2) of Theorem 2.6.7). This implies that Q(s)
is a homogeneity set of X. On the other hand, by the definitions of d and d’,
(a,0) ¢ s, for all 0 € Q. So a ¢ Q(s,) and hence Q(s,) # Q. Thus, X is not
homogeneous, as required. ([l

2.7.57. Let X be an antisymmetric scheme of rank 3, and S = {sg, s1, 52},
where sg = 1. Then the graphs associated with s; and so are doubly regular tour-
naments, ng, = ng, = (n—1)/2, and the intersection numbers of X are determined
from the formulas

n—1 n—3 n+1
(2740) 6?1:0, 0(1)2: 5 011:0%220?2: 1 c%lz T

k
where ¢;;

= cgk,, for all 4,4, k. In particular, n =3 (mod 4).
Proof. By the assumption on X', we have
st =5y and s;Uso=0%\1g.

Then the graphs associated with s; and sy are tournaments. Moreover, ¢{; = 0 by
the first equality and statement (1) in Exercise (2.7.6]). Since X is a scheme,

2

ng, =n,, and g Ng, = N.
i=0

As ng, =1, we obtain
(2.7.41) Ny, = Ngy = (n—1)/2 = .
By formula (2.1.14),
nslcil = nszcgl = nSQC%Q'

According to formula (2.7.41]), we obtain

c1 = 3y = -
Applying formula (2.1.3), these numbers are equals to

(3 = €3 = Cla-
In particular,

1 _ 1
€11 = C12-
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By formula (2.1.7),

2

1 n—1
E €1 = Ms1 = —5 -
=0

Together with the obvious fact that ¢}, = 1, we have

1 1 n—3 2

Finally,

2
o =0, cfy = n4 3, Zci:nl = = n1—17
i=0

where the first equality on the left-hand side is obvious and the third one follows

from formula (2.1.7).
Since ¢}y = 2, = "T_?’, any two distinct points have "T_?’ common neighbors in
the graph X; associated with s;. It follows that X; is a doubly regular tournament.
The same statement is true for the graph associated with ss. (Il

2.7.58. [11] An antisymmetric scheme of rank 3 is schurian if and only if each
irreflexive basis graph is isomorphic to a Paley tournament.

Proof. Let X be an antisymmetric scheme of rank 3 and s an irreflexive basis
relation of X'. Then obviously, WL(s) = X where WL({s}) is denoted by WL(s).

To prove the sufficiency, suppose the basis graph of s is isomorphic to a Pa-
ley tournament, i.e., a basis graph of an irreflexive basis relation ¢ of the scheme
Cyc(F, M), where F = F, with ¢ = 3 (mod4) and M is the subgroup of F* of
index 2. Now let f be the corresponding isomorphism, i.e., s/ = ¢t. By formula
(2.6.3), we obtain

f € Iso(s,t) C Iso(WL(s), WL(t)) = Iso(X, Cyc(F, M)).

In other words, X is isomorphic to the schurian scheme Cyc(F, M). We are done.

To prove the sufficiency, let X be schurian. Then the group Aut(X') acts tran-
sitively on the points and arcs of the basis graph of s. Since X is a tournament
(Exercise )7 we are done by the main result of J.L.Berggren in [12], which
says that if the automorphism group of a tournament is transitive on the points
and arcs then the tournament is isomorphic to a Paley tournament. O

2.7.59. [52] The following statements hold:

(1) any affine scheme is amorphic.
(2) the degree of any amorphic scheme of rank at least 4 is a square.

Proof. To prove statement (1), suppose that (£2,.5) is an affine scheme. Denote
by WU the stabilizer of 1o in Sym(S). According to formula 2.5.5, one can see that
for any f € ¥ and any r,s,t € .5,

tf
s = Crrss-
Thus, f is an algebraic automorphism of X. It follows that ¥ < Aut,,(X). Since
obviously Autae(X) < ¥, we have

(2.7.42) Attty (X) = .
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For any partition IT of S, set ®r := [] oy Sym(7). Now if II contains {1a},
then &g < ¥. By formula (2.7.42)) and Lemma 2.3.26, (2, S®1) is a scheme. Since
S = S%m,

we are done.
To prove statement (2), let X be an amorphic scheme of rank at least 4 and
degree n. By Theorem 3.3 irﬁ, for any irreflexive basis relations 7, s,t with r # s #

t # r, we have
Nen
2.7.43 b= ———
( ) CT‘S (\/E + 6)2 I
where € € {—1,1}. Since c%, is a positive integer, formula ([2.7.43)) implies that \/n
is an integer. Thus, n is a square. O

2.7.60. [101] A finite affine plane is Desarguesian if and only if the correspond-
ing scheme satisfies the 4-condition.

Proof. To prove the necessity, let A be a Desarguesian finite affine plane and X
the scheme of A. Then by the Veblen-Young theorem, A is an affine Galois plane.
Hence, the scheme X is schurian (Theorem 2.5.7), i.e., X = Inv(K, ), where
K = Aut(X) and 2 is the point set of .A. This implies that every basis relation
of X is a K-orbit. Let r;; € S, 1 <14,j <4 and

A={aeQ*: rla;a;) €rij, 1 <i,j <4}
Any quadruple v € A can be treated as a 4-vertex colored subgraph Xy, . .1,

where X is a colored graph associated with the rainbow X with respect to a fixed
standard coloring. Let (a1, ) € r;5. Choose an arbitrary pair (81, 82) € r12. Set

Qa17a2 = {’Y eA: (71a72> = (a17042)}

and

Qg = {y €A (m1,72) = (B1,B2) }.
Since 71 is a K-orbit, there exists k € K such that (a1, a2)* = (81, 32). Then, k
induces a bijection between Qq,,q, and Qg, g,. Hence, |Qq, 0. = |25,,8,|. This
implies that the number of 4-vertex colored subgraphs of a given type with respect
to a pair (a1, ag) does not depend on the choice of the pair in r12. Thus, X satisfies
the 4-condition, as required.

To prove the sufficiency, suppose that X’ satisfies the 4-condition. We have to
verify that A is Desarguesian, i.e., given three lines containing a common point §
and given points a, o’ lying on the first line, 8, 8’ lying on the second line, and ~, '
lying on the third line,

avllay and By| By = af|aB.

Without loss of generality, we may assume that the seven points «,...,J are pair-
wise distinct. Since §,+, and 7’ lie on the same line, we have

r(0,7) =r(d,7).
By the assumption, there exist two points o/, 3" and f € Iso(X{s,a,8}> X{5./,07,5})
such that

(6777047&)]0 = (57 ’ylaaﬂaﬁ”)

4I.N. Ponomarenko and A. Rahnamai Barghi, On Amorphic C-Algebras, Journal of Mathe-
matical Sciences, 145(2007), No. 3, 4981-4988.
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and
r(v,a) =r(,a") and r(y,8) =r(,p").
In pariticular, this means that
ya|[y'e” and A8 | 48"
Taking into account that vya || v'a’ and 5 || '8, by axiom (AP2) in the definition
of an affine plane we have
,y/all — ,y/a/ and ’YI/B” — ,y//BI'
The fact that X5 o, and X5/ o/, 77} are isomorphic as colored subgraphs yields
that
(2.7.44) r(6,a) =r(6,a"), r(,8)=r(8"), and af| a’B".
By the first two equalities,
o €bda=6d" and B’ e€dpB =355
We conclude that
O[N:606/0’}//0(”:50{/m’}//0/:0/ and /BN:6/8/0’7,6”:56/07/,8/:,6/~
In view of the third equality in formula (2.7.44), one can see that af || o/f', as
required. ([

2.7.61. [58,34] For a group G, denote by X¢ the scheme of the strongly regular
graphs X¢ defined by formula (2.6.11). Then
(1) Aut(Xg) = ((G x G) Aut(G)) Sym(3) whenever |G| > 5,
(2) X is schurian if and only if it satisfies the 4-condition,
(3) Xg and Xg are algebraically isomorphic if and only if |G| = |G’|,
(4) Xg and Xg are isomorphic if and only if G and G’ are isomorphic.

Proof. Set Q := G x G and n :=|G|.
(1) For any (g,h) belongs to the group G x G,

Tg,h * Q) — Q, (al,ozg) — (qu,OéQh),

is a permutation on 2. It is easy to see that {7, : (g9,h) € G x G} is a subgroup,
denoted by H, of Aut(X¢) which is isomrophic to G x G. Morover, Aut(G) has a
natural faithful action on 2 as follows:

Q - Q5 (a,a2) = (af,09), o€ Aut(G).

This action produces a subgroup, denoted by K, of Aut(X¢) which is isomorphic to
Aut(@). Since obviously K normalizes H, Aut(X¢) has a subgroup H K isomorphic
to (G x G) Aut(G). In addition, the following two involutionary perumtations on
p1: (ar,a0) = (agarh) and w20 (an,a2) = (a7t aras)

belong to Aut(X¢g). Note that (@1, p2) is a subgroup, denoted by L, of Aut(X¢)
isomorphic to Sym(3).

Since L normalizes HK, we conclude that Aut(Xg) has a subgroup HKL
isomorphic to ((G x G) Aut(G)) Sym(3).

In fact, the subgroup HK L coincides with Aut(Xg) = Aut(Xg). This follows
from Theorem 2.7 in [34], which tells us that

Aut((Xe)7) 2 ((G x G) Aut(G)) Sym(3),
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where f: Q — Q, (a1, az) — (a7 ', ag) is a bijection of Q.

(2) As in the first part of the proof of Exercise 2.7.63, one can see that if Xg is
schurian then Xg satisfies the 4-condition. (When X is schurian, it is easily seen
that Aut(G) is transitive on G#. This happens if and only if G is an elementary
abelian p-group). Conversely, suppose X satisfies the 4-condition. Then by the
proof of Theorem 3.1 in [34], G is isomorphic to an elementary abelian 2-group
or cyclic group of order 5. By Theorem 2.10 in [34], (Aut(Xg),Q2?) is primitive
permutation group of rank 3. In particular, this implies that X is schurian.

(3) By Proposition 2.6.16, X is a strongly regular graph with parameters
(n?,3n — 3,n,6). Hence, if |G| = |G'|, then IA(Xg) = IA(Xg/). This implies that
Xg and Xg are algebraically isomorphic (statement (3) of Theorem 2.6.11). Con-
versely, if ¢ € Isoae(Xa, Xar), then |G| = |G¥| = |G| (statement (2) of Proposition
2.3.22).

(4) Set |G| = n. The sufficiency is straightforward, since any group isomor-
phism f € Iso(G, G’) belongs to Iso(Xq, X¥¢/) C Iso(Xg, Xo) (formula (2.6.3)).

To prove the necessity, let f € Iso(Xg, Xgr). Then Xg and Xg are algebraically
isomorphic. Hence, |G’| = n (statement (3)). Set

S(X(;) = {1Q,Sg,tg} and S(XG/) = {1Q,SG/,tgl}.
If n =1 or 5, then G and G’ are obviously isomorphic. Otherwise,
Mg, = Nsg = 3N — 3, ntG:ntG,:nQ—Bn—i—Q.

Consequently, sé = Sq. Therefore, f € Iso(X¢g,X¢/). Then we are done by
Moorhouse’s theorem [ O

2.7.62. A complete colored n-vertex graph X satisfies the ¢-vertex condition for
t = 3 (respectively, for ¢ = n) if and only if the color classes of X form a coherent
configuration (respectively, a schurian coherent configuration).

Proof. Let t = 3. Assume first that the color classes of X form a coherent con-
figuration. Then the number of 3-vertex colored subgraphs X, 5} of a given type
with respect to the pair («, 3) is equal to c¥;, where u = r(«, 8), and r = r(«,7)
and s = r(y, 8) are fixed. Hence, the colored graph satisfies 3-vertex condition.

Conversely, let us verify that S = Px satisfies the conditions (CC1), (CC2) and
(CC3) (S is a partition because X is a complete colored graph).

Observe that the definition of colored graphs implies the condition (CC1).

Let » € S and (o, 8) € r. Assume that (a,a) € s and (5,a) € u. By the
assumption, the number of 3-vertex colored subgraphs

X{aap, (,a)€s, (B,a)cu
does not depend on the choice of the pair («, 8) € r. This implies that r* C wu.
Similarly, u C r*. Tt follows that * = u € S. Thus, the condition (CC2) holds.
Let r,s,u € S. For each (o, 3) € u, denote by c¢(«, 5;r,s) the number of 3-
vertex colored subgraphs X, 5,1, Where (a,v) € r, (7, 8) € s and the other colors
are obvious. By the 3-vertex condition, ¢(«, 8;r,s) does not depend on the choice
of the pair («, 8) € u. Since

cla, B;r,s) = |ar N Bs*],

5Proposition 4.1 in: G.E. Moorhouse, Bruck Nets, Codes, and Characters of Loops, Designs,
Codes and Cryptography 1 (1991), 7-29.
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the condition (CC3) holds.

Let ¢t = n. Then X is the only ¢t-vertex subgraph of X. It follows that X satisfies
the n-vertex condition <= for any s € P., and any pairs (o, 8), (¢, 8) € s,
there exists f € Aut(X) such that (a,8) = (o/,8') <= any s € P, is an
orbit of Aut(X) <= P., = Orb(Aut(X),Q(X)?) <= the classes of X form
a schurian coherent configuration. (I
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3.7. Exercises

In what follows, unless otherwise stated, X is a coherent configuration on €2 and
S =8(X), F=F(X), and E = E(X). The notations X’ and €', S’, F’, and E’
have the same meaning. The number m denotes a positive integer and X=4x (m),
X =X ete.

3.7.1. Let X be a fusion of an affine scheme of degree ¢>. Then

(1) for each s € S#, ng = as(q — 1) for some integer a; > 1,
(2) X is primitive if and only if a5 > 2 for all s € S#.

Proof. In X, every s € S# is a union of some irreflexive basis relations of the
affine scheme where each of them has valency ¢ — 1. Statement (1) follows.
To prove statement (2), assume that there exists some s € S# such that a, = 1.
By formula (2.5.5), we see that
{1975}

is a parabolic. Since X’ has degree ¢? and n, = ¢ — 1, this parobolic is not equal to
Q2. Thus, X is not primitve in this case.
Conversely, assume
as > 2, Vse S#.
Choose arbitrarily s € S#. Set
s=t1U...Utp,

where each ¢; is a basis relation of the affine scheme and m > 2. Then by for-
mula (2.5.5), for each basis relation ¢ of the affine scheme one can see that ¢ € t;to.
Thus, in X

(s) = Q%
By Corollary, every parabolic not equal to 1g is equal to 2. We are done. O

3.7.2. A coherent configuration of a disconnected graph is either non-homogeneous
or imprimitive.

Proof. Let X be a disconnected graph and X = WL(X). Suppose that X is ho-
mogeneous, it suffices to show that X is nonprimitive. By Proposition 2.6.8, €.opn (%)
belongs to E. Since X is disconnected,

econ(X) # Q%
If econ(X) = 1g, then X = Dg. Since we are assuming that X is homogeneous, this
is a contradiction. We conclude that X is nonprimitive. O

3.7.3. Let X be a primitive nonregular scheme. Then given s € S#, there exists
a positive integer m such that s™ = S, where

= 1 duct).
s CERERE (complex product)

Proof.
O

3.7.4. Let X and X’ be algebraically isomorphic coherent configurations. Then X
is primitive (respectively, imprimitive) if and only if X’ is primitive (respectively,
imprimitive).
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Proof. If ¢ is an algebraic isomorphism from X to X”, then it induces a bijection
from E(X) to E(X’) by Exercise (2.7.30). Thus,
E(X) = {19,92} = E(X/) = {19/,9/2}.
If follows that X is primitive if and only if X’ is primitive. t

3.7.5. [17, Theorem 4.2.1] Let X be the scheme of a distance-regular graph
of diameter d and valency at least 3. Then X is imprimitive only if s; is a bi-
partite graph or sy is the disjoint union of cliques (here, s; and s4 are defined by
formula (2.6.6)).

Proof. Set ij = cgk,, for 54,855,850 € 5.

Suppose X is imprimitive. As the graph X is connected, (s1) = Q2. Since the
set of parabolics E = {(s) : s € S¥} (Corollary 2.1.20), there exists ¢ > 1 such that
(s;) # Q2. Among all such i, choose the smallest one, denoted by i. We claim that

(3.7.1) =0, Vj<i
Otherwise, s; C sf This implies that

0% = (s5) C (sa),
a contradiction. The claim follows. In particular, if d = 2, then ¢ = 2. Then
formula (3.7.1)) implies that any conncected component of the graph ss is complete,
i.e., the graph s, is the disjoint union of cliques.

Now we assume that d > 2. If i = 2, our goal is to prove that X is a bipartite
graph. To this end, it suffices to show that X does not have odd cycle (Proposition
1.6.1 infY).

We first show that there is no 3-cylce in X, i.e.,

(3.7.2) ety = 0.
Suppose on the contrary that cl; # 0. Since d > 2, there exists a path
Yo~V —7Y2— 73
in X of length 3 with d(70,7v3) = 3. Since c}; # 0, there exists a point
Y S YoS1 n Y1S1-
Then d(vy,7v2) < 2. If d(vy,72) = 1, then d(v,7v3) = 2 (note that d(v,vs3) > 1). It
follows that
Y3 € ¥S2 M Y182.

Since (7y,71) € s1, we have ¢, # 0, a contradiction to formula (3.7.1). Similarly, if
d(7y,7v2) = 2, then

Y2 € ¥52 M Y052,
a contradiction. Formula (3.7.2)) follows.
Now suppose on the contrary that X has an odd cycle
Bo—PB1—+—Pam — Bo
where m is a positive integer. By formula (3.7.2)),

(607B2)7 (52764)7 sy (62m—2762m), (62m361) € Sg.

6R. Diestel, Graph Theory( Electronic Edition), Heidelberg, New York: Springer-Verlag,
2005
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This implies that s; € s5'"!. Hence,

Q2 - <81> g <82>7
a contradiction. We are done.
Now assume i > 2. If 2 < i < d, choose a path of length d in X as follows
Yo=Y =Y — Vil — 0 T Yd
where d(79,74) = d. Since ng, > 2, there exists § € y;4151 such that v; # 0 # Vit
(if d = i+ 1, we choose such ¢ satisfying 0 # v4 and 7,12 is a point in v4s; different
from ¢). Then
d(vo,0)e{i+1:1=0,1,2}.
Then for each [ € {0, 1,2}, note that j := d(,v;+1) < 2. For each [, by the triple
(Ye5Yiti,6)

one can see that sz # 0 (Here, notice that if d(v9,d) = i + 1, then d(y1,0) is
not equal to i + 1; otherwise ¢j,; ;,; # 0). Since ¢ > 2, this is a contradiction to

formula (3.7.1). Thus, we have i = d. Since for any j < d, ¢}, # 0, we see that the
graph sg is the disjoint union of cliques. ([l

3.7.6. Let e be a parabolic of X with indecomposable components e;, i € I,
and 7. the mapping (1.1.4). Then

F(Xq/e) = {Qme(es)) : i €1}
In particular, Xq/. is homogeneous if and only if e is indecomposable.
Proof. By Exercise (2.7.10), for any A € F(X),
e-1p-e€

is an indecoposable component of e. Conversely, if e; is an indecomposable compo-
nent of e, choose o and A € F(X) such that

a€A and (o) € e;.
In particular,
e;Ne-1a-e# 2.
Since both of them are indecoposable components of e, we deduce that
e;=¢e-1a-e€.

For any -
A€ F(XQ/G)
by Theorem 3.1.11, there exists A € F(X) such that

153 =7me(1a) = 7me(e-1a - €).

Thus, )
A = Q(me(e;),
where e; = e - 1A - e is an indecoposable component of e. Since by theorem 3.1.11,
A — A
is surjective. The proof is complete. (I

3.7.7. Let e be the parabolic of X’ such that Q/e = F. Then Xq,. = Dr.



3.7. EXERCISES 47

Proof. By the assumption,
e=|JAxA
A€F
For any s € S, suppose
s € SA,F,
where A;T" € F. One can see that

5Q/e = {(A,F)}
Since
S(Xase) ={sqe: sE€S},
we are done. Il

3.7.8. Let X < X’ and e € E. Then X, < X}, ..

Proof. Note that
e€ S(x)Y C S,
This implies that e € E(X’). For any sq/. € 5(X ) with s € S(X), there exist
S1y.-+ySm € S(X’) such that
s=s81U---Usy,.
Then obviously,
sa/e = Uit1(si)ase € S(Xd )

The proof is complete. O

3.7.9. Let eg,e1 € E be such that ey C ey. Then

(1) the quotient of Xq /., modulo 7, (e1) is canonically isomorphic to Xq /e, ,
(2) for any A € /ey, the quotient of XA modulo (ep)a is canonically iso-
morphic to the restriction of Xq/, to me,(A).

~ Proof. Let Q and 5 respectively denote Q/eq and e, (s) for any s € 5. Set
S :={5:s € S} Foreach A" € Q/ey, since ey C e; there exists a uniquely
determined A € Q/e; such that

A’ C A
For each A € /ey, denote
(3.7.3) A={A": A CA, AecQfe}.
Thus,

e, = U A x A,

AeQ/er

which is a parabolic of Xg (Theorem 3.1.11). For any s € S, observe that
Sa/e, = {(AT) : A, T €Q/e;, sNAxT #a}.
Furthermore, o
(A?F) S gﬁ/él
if and only if there exist A’, IV € Q/eg such that
ACA, TVCI and sNA' xI"#2

if and only if
sNAXT # o
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if and only if
(A, F) S S5Q/ey -
Thus, the map
59/51 = 5Q/e;
establishes the required canonical isomorphism in statement (1).
To prove statement (2), note that

(e)a= |J A" x4,
A’EA
where A is defined in (3.7.3). Let 7o € S(Xa). Then
(ra)ajen, = {(AT): AT ¢ A, rnA'xTV £ o).
In addition,
(rojes)a ={(A,T"): A T"eA, rnA" xI'"+# o}
Hence, the map

(ra)ajen, = (rase)a
produces the cannocial isomorphism in statement (2). O

3.7.10. Let X be a semiregular coherent configuration, and let e be the union
of all relations in a system of distinct representative of {Sa r}a rep given in state-
ment (3) of Exercise 2.7.13] Then

1) e is an indecomposable parabolic of X,

2) given A € F and I' € Q/e, we have ANT = {aa r} for some point aa r,
3) for any A € F, the mapping f : /e = A, I' = aa r is a bijection,

4) f S ISO(XQ/E, XA).

Proof. Let

(
(
(
(

F={A;,: 1<i<m}.
Set
Sij = Sa;.A,-
By the proof of Exercise if we choose
t1i € S14, 1<i<m
with ¢1; = 1a,, then
{tij » tig =t1; - t1y, 1 <i,5 <m}
is the system of distinct representative. Also,
e = U tij.
1<i,j<m
Observe that, for each 1,
ty = t7;t1 = 1a, Ce.
This implies that e is reflexive. In addition,
t =ttt =t Ce,

which yields that e is symmetric. Since we have proved in Exercise that e is
closed with respect to composition of relations, e is transitive. We conclude that e
is a parabolic of X.
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By the construction of e, it is easily seen that
e=c¢e-1a, -¢,

which is an indecomposable component of e by Exercise [2.7.10] In particular, e is
indecomposable and statement (1) is proved.
For each T € /e, choose o € T'. Let 1 < i < m be such that « € A;. Then

I'=ae= U aty; = G atj.
j=1

1<l,j<m
Then, for each Ay € F,
F'NAg = ati == ap, p-
Thus, statement (2) follows.
For statement (3), since
anr=ANT,
we deduce that f is a well-defined injection. Furthermore, for any o € A, if we set
T' := «e, then
FeQ/e and I'nA = {a}.
It follows that f is a surjection. We are done.
To prove statement (4), fix 1 < ¢ < m. For any
1<5,k<m and s&Sj,
it is trivial to see that
e-s-e=e-(tiyj-5-tw)- e
Denote
s =tij sty
Using the notation in (3.1.3),

/
s¢ = s'°.

This implies that
sQ/e = Sé)/e’
We conclude that for each fixed 1,

S(Xg/e) = {SQ/e : s €S}
Also, by statement (2), we have
/e ={ae: a; € A}
Moreover, for any s € S;; and any oy, o € A,
(aie, aje) €5/, & sNaexae#d &  (a,a;)€s.

It follows that, for any s € Sy;

S$0/c = {(aze,ale) : (agal) € s}
Now suppose

f:Q/e = Ay, aje = aeNA,
which is defined as in statement (3). Then

flaje) = ay.
Thus,
(SQ/e)f = {(ed, dlel): (a,a)) € s} ={(as,a)): (o, al) € s} =sn,.
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The proof for statement (4 ) is complete. O

3.7.11. A scheme is schurian if and only if it is isomorphic to the quotient of a
regular scheme.

Proof. The sufficiency holds, since every regular scheme is schurian by Theorem
2.2.11 and any quotient of a schurian coherent configuration is also schurian by
Corollary 3.1.17.

To prove the necessity, assume that X is a schurian scheme. Then

X =Inv(K,Q),

where K = Aut(X). Since X' is homogeneous, K is transitive on . Without loss
of generality, we assume that

Q={Hk: keK}

for a subgroup H of K and K acts on € by right multiplication. Also, for each
s € S(X), there exists ks € K such that

(3.7.4) s = Orb(K, (H, Hk,)) = {(HE, Hk.k) : k € K.

Thus, by formula (2.2.4)
(3.7.5) (Hx,Hy)€s < (H,Hyz')es < Hyx'C HkH.
Let

X' =Tnv(K, iy, K).
Then X’ is a regular scheme on I' := K and
S(X')={s: ke K},

where

Observe that

is a parabolic of X’. And for any « € K,
ae = Ha.
In addition, for Ho, HB € T'/e
(3.7.6) (Ha,HP) € (s¢)p)e < HBNKk'Ha# @ <« HBa ' CHE 'H.
By and 7 we deduce that the bijection
f:Q—T/e, Ha — Ha
satisfies

Sf = (Sks—l)l‘/e

where s € S and ks is as in(3.7.4). We are done. O

3.7.12. Let A C Q. Then
(1) WL(Inv(K),1a) < Inv(Kyay) for any K < Sym(S2),
(2) Aut(WL(X,14)) = Aut(X) a3
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Proof. By Theorem 2.6.4,
Aut(Inv(K) U {1a})) = Aut(Inv(WL(Inv(K), 1a))).
Observe that
K{A} < Aut(InV(K) U {1A})-
By Galois Correspondence, it follows that
Inv(K¢ay) > Inv(Aut(WL(Inv(K),1a))) > WL(Inv(K), 1a).
Statement (1) follows.
Note that
X <WL(X,1a).
Hence,
Aut(X) > Aut(WL(X, 14)).
This yields that
Aut(X){A} > Aut(WL(X, 1A))~
Now let K = Aut(X) in statement (1). Then we obtain
WL(X, 1A) < WL(IHV(K), lA) < IDV(K{A}).
By Galois Correspondence again, one can see that
K{A} < Aut(InV(K{A})) < Aut(WL(X, 1A)).
We are done. O

3.7.13. Let S be a set of binary relations on {2, and let e be an equivalence
relation on Q. Then WL(Sgq/.) < WL(S)q/e.

Proof. Since each s € S is a union of basis relations in WL(S), s, , is a union
of basis relations in WL(S)q .. This implies that
WL(Sq/.) < WL(S)q/e,
as desired. (]

3.7.14. Let e be a residually thin parabolic of X. Then
(1) s-s* Ceforany s €S,
(2) X, = WL(X,1a) for any A € Q/e.

Proof. To prove statement (1), choose arbitrary pairs

(a,8) €s and (B,7) € s*.

It suffices to show that («, ) € e. To this end, let
A, I, and Y eQfe

satifying

a€eA, pel and ~eX.
Then

(AT) €sq) and (I\X) € 55 ..

By the assumption, X/, is semiregular, which implies that

nSSZ/e =1l= ns;z/e'

Then,
A=Y = (a,9)€A*Ce,
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as required.
To prove statement (2), let A € Q/e and X’ = WL(X,14). Observe that

Ia = (1o)aa €57
This implies that
(3.7.7) X' < X..
To prove the reverse inclusion, let sar € Se. Set A := Q4 (s). Then A x A €
S(X")Y. Since Xq/, is semiregular, one can see that

sar=sNAxI=sNAxAeSX)".
Thus, sy o = (sA )" € S(X”)" for any sp. o € Se. Tt follows that for any tp. 1, € S,
there exist sp o and s, p, € S, such that
trr = Sp ASA T

because Xq /. is semiregular. It follows that trr € S(AX’)Y. Hence, X, < A”. In
view of formula (3.7.7)), we are done. O

3.7.15. Let e € E and ¢ € Is0,15 (X, X’). Then e is residually thin in X if and
only if ¢/ = p(e) is residually thin in X”.

Proof. It is obvious that
o ! €Ts0,4(X, X) and e = ().

Thus, it suffices to show €’ is residually thin in X’ if so is e in X'. By Exercise[2.7.30
e’ is a parabolic of X’. By formula (3.1.10), ¢ induces an algebraic isomorphism

va/e: Saje = S&//e/.

Since e is residually thin, Xq /. is semiregular. It follows that S, Jer is semiregular
(Exercise (2.7.32))). Thus, €’ is residually thin in X, as requried. |

3.7.16. The thin residue of a scheme X is equal to the minimal parabolic of X
containing s - s* for any s € S.

Proof. Let
T= U ss* and e=(T).
seS
Then we have the following claim.
Claim. Foranyr,se S, r*-s*-s-rCe.
Proof. For any t € sr, we see that ¢, # 0. Thus c'. . # 0 (formula (2.1.3)).
This implies that ¢, # 0 (formula (2.1.9)). Hence, s € ¢r*. Then,

t*-s-rCtt-t-r*.rCe.
Since this true for any t € sr, the claim is proved. ([l

Let s € S. Our next goal is to prove that the following claim.

Claim. s-e-s* Ce.

Proof. By Exercise , it suffices to show that for any path ¢ - --- - t,,
with ¢; or t7 € T,
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There exist s1,...,8y € S such that ¢; C s; - s7. It follows that
Sty tm) 8" C s (sp-8 e 8- 5h)s
C(s-81-87-5%) (882858%) -+ (8 8m8r,9)
Ce,
where the last containment follows from the first claim. [

Now let ¢’ be a residually thin parabolic of X, by statement (1) of Exer-

cise (3.7.14), for all s € S,

s-s*Ceé.
This implies that e C e¢’. To complete the proof, it suffices to show that e is a
residually thin parabolic, i.e., Moo = 1forall s € S. Let s € S. Suppose

(A1) and (AI') € sq,,
for A,T,T' € Q/e. Choose a, 8,a/, 5" € Q such that

(aaB) € SAXT and (alvﬂ/) € SAXI

Since (B, «) € s*, (a,a’) € e, and (a/, B’) € s, one can see that

(B8,8)€es*e-sCe.
This implies that I' = IV. We are done. [l

3.7.17. [109] Let p be a prime. A scheme X is called a p-scheme if |s| is a
p-power for each s € S. For such a scheme,
1) |Q| is a p-power,
2) the thin radical of X is not equal to 1o unless || =1,
3) if |Q = p, then X is regular,
4) any quotient of X is a p-scheme,
5) the thin residue of X is not equal to Q% unless || = 1.

Proof. Since X is a shceme, 1 € S. Thus,
€] = [1g]

is a p-power by the assumption. Statement (1) follows.
To prove statement (2), assume that || # 1. For each s € S, since by for-
mula (2.1.11)

|s| = (€Y
is a p-power, ng is a p-power. Observe that, by formula (2.1.13)
|Q‘ = Z nS7
seS

which is a p-power. As n;, = 1, there exists at one s € S# such that n, = 1. The
basis realtion s is contained in the thin radical of X.
To prove statement (3), note that

b= |Q‘ = Zns
sES

and each ng is a p-power. Thus, for any s € S, ng = 1, i.e., X is regular, as desired.
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To prove statement (4), let e € E and sq/. € Sq/.. Observe that (A,T) € 50/e
if and only if sy  # @. It follows that

s= U sar

(A,F)€sﬂ/e

is a disjoint union. However, the cardinality |s, p| does not depend on the choice
of (A,T) € s, (Proposition 2.1.18). Thus, [sq | is a divisor of |s|. Since |s| is a
p-power, |sQ/e\ is also a p-power. We are done. O

3.7.18. [71] Any quasiregular coherent configuration X with all non-singleton
fibers of the same prime cardinality is the direct sum of semiregular coherent con-
figurations. In particular, X" is schurian and separable.

Proof. By Theorem 3.2.2,
X =H",Xq,,
where €1, ...,€,, are homogeneuity sets of X such that
ATeF and [Sar|>1 < AT e, forsomel <i<m.

To complete the proof, it suffices to prove that Xq, is semiregular for each ¢. In
other words, we need to show that

(3.7.8) ATeQ, and s€Sar = ns=1.

Fix ¢ and assume the hypothesis of statement holds. Observe that if |A] =1,
then
|Sar| = [Sral =1.
Hence, 2, = {A} and in this case statement holds. The same is true if
: _Ni)w assume that
Al =T =p,

where p is a prime. By formula (2.1.5)
(3.7.9) [s| = ns|A| = png = |8*| = png-.
Since X is quasiregular, Sao can be seen as a group of order p. Furthermore,
(3.7.10) SAXSar — Sarp, (r,s)—r-s
defines an action of S on Sa r. We claim that there exist

In#reSa and se€Sar
such that
(3.7.11) r-s#s.
Observe that for each s € Sa r, by

JAxT|=p*> and |Sar|>1 = ne <p.

Hence, there exist a,@’ € A and 8 € I such that

(a,8) €s and (o/,8) ¢ s.

Then
r:=r(d',a) € Sa and r-s#s.
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It follows that the orbit O of s under the action in (3.7.10|) has size p since Sa has
order p. Then

S 1t = plpns) < 1A x T = p2,
teO
where the first equality holds as each ¢t € O is such that n; = ns. Thus,
O = SAI and ny;=1,Vte€ SAI'

Hence, statement (3.7.8)) follows as required. O

3.7.19. [104] A coherent configuration X is said to be quasitrivial if
Aut(X)® = Sym(A) forall A€ F,

and semitrivial if, in addition, the group Aut(X)*"" is isomorphic to both Sym(A)
and Sym(T") for all A,T" € F. Prove that every quasitrivial coherent configuration
is the direct sum of semitrivial coherent configurations.

3.7.20. Any coherent configuration with all fibers of cardinality at most 3 is
the direct sum of the coherent configurations isomorphic to Y ® D,y,,, where ) is a
scheme of degree at most 3 and my > 1. In particular, X is schurian and separable.

3.7.21. Let X be a commutative subtensor product on 2 = €3 x 9, and let
e1 and ey be the parabolics of X defined by formula (?7?). Then

(1) for each A € Q/eq, the mapping 7a : A — Q/es, a — aes is a bijection,
(2) 7a € Iso(Xa, Xq/e,) and also (sa)™ = sq/e, for all s € S,
(3) if T € Q/ey, then 7o € Iso(Xa, Ar, par) (for ¢ see Example 77).

Proof. For (1), there exists ay € §2; such that
A={(a1,a2): ag € Qa}.
For a = (a1, ), one can see that
TAa(a) = aes = {(B,a2) : B €O}

Observe that when « runs over A, as will runs over Q5. Thus, A is surjective. It
is also straightforward that 7a is injective.
O

3.7.22. Let X be a Cayley scheme over a group G. Then the following two
statements are equivalent:

(1) X=X1® - ® X for some k > 1,
(2) rk(X) =rk(&Xy)-...-tk(X;)and G = Gy X - - - X G, where G; is an X'-group
such that Xg, = A;.

Moreover, if one of these statements holds, then X" is normal if and only if &} is a
normal Cayley scheme over G; for all i.

Proof. (1) = (2) Observe that
FX)={Gy={A; x ... x Ay : A; € F(X;), 1 <i<k}.
Hence, each A; = G; and G; is a group with
G=G1 x...xGy.
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Obviously, Xg, = X;. Also,

p(G)= |J 1lo,®..@5®..01q,
$;€S(X;)
which is a partial parabolic of X. Thus, each G; is an X-group.
(2) = (1) For any s € S, there exists X € S() such that s = X? (Theorem
2.4.17).
O

3.7.23. The extension of trivial coherent configuration 7o with respect to the
points of a set A C (), is equal to Da H To\a-

Proof. Denote the extension under consideration by X. Note that in

y = DA B %\Av
for any 6 € A, {0} is a fiber of J. Thus
X <.

By Theorem 3.2.3, as A is a homogeneuity set of X,
X > X B Xo\A-
Since obviously
XA =Da and Xo\a 2> Tova,
we obtain
x>
The proof is complete. O

3.7.24. Let a € Q. Assume that for every ¢ € Isoa14(X, X”), there exists o’ € €
and g, € Is0a1s (X, , X, ) extending . Then X is separable if so is &,.

Proof. Choose an arbitary ¢ € Isoag(X,X’). Let ¢q o € IsOug(X,, X))
extending ¢. Assume that X, is separable. Then there exists an isomorphism f
such that

f €1s0(Xo, XLy Pt )-
For any s € S, denote s by s1U...Us,, with s; € S(X,). Since ¢, extending o,

0(5) = Paar (Ul 87) = UM pa,ar(si) = UM s] = s/,

This implies that f € Iso(X, X', ¢) and hence X is separable.

3.7.25. Let v € 2 and
To={ryw: r€S, u,ve S\Sl}h,
where r,,, = r N (au X av). Then the pair
Xt = (a8, T,)
with S; ={s € S5: ny > 1}, is a rainbow and
X, = Dus, BWL(XT)).
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Proof. Observe that A := «aSy/ is a homogeneity set of X, (statement (1) of
Lemma 3.3.5). Our first goal is to show that X is a rainbow.
For any (,v € aSy/, there exist u,v € S1» and r € S such that

(3.7.12) B E€au, vye€av, and (B,7)€r.
This implies that (3,v) € r, . Hence, T, is a partition of A%,

For any 8 € A, suppose § € au for some u € Sy/. Then (8,08) € t,,, where
t € S is the basis relation containing (8, 3). We conclude that 1o € T)Y. Hence,
X satisfies the condtion (CC1).

Obviously, for any r, , € Ta, (ruw)* = 75, € To. Thus, X3 satisfies the
condtion (CC2).

For any s € S, if as # @ then as = {f} and {5} is a fiber of &, (Lemma
3.3.5). It follows that I' := «S7 is a homogeneity set of X, and each fiber of (X,)r
is a singleton set. Thus,

(Xs)r = Dr.
By statement (2) of Lemma 3.3.5,
To € S((Xa)a)”-
This yields that
WL(Xy) < (Xa)a-
Thus,
(3.7.13) Dr BWL(XL) < Dr B (X)) s = Xa

To prove the inverse inclusion, since obviously {«} is a fiber of the coherent config-
uration on the left-hand side in (3.7.13)), it suffices to show that
X < Dr BWL(XL).

To this end, we claim that for each s € S and any pair in s there exists a relation
of the coherent configuration on the left-hand side in which is contained in
s and contains this pair.

Now let s € S and (5,7) € s,if 8,7 € aSy then (8,7) € sy, for some u,v € Sy
and sy, C s. If 8,7 € aSy, then (8,7) € s. If § € ar and v € ot with r € S; and
t € Sy, then (8,v) € r*t. Since r is thin, 7*¢ is a basis relation. Hence, s = r*t.
Set A := Q4 (s). Then A = Q(t). It follows that

(B,7) €{B} xACs.
If p € @Sy and v € oSy, the claim can be proved similarly. We are done. O

3.7.26. [65] Any primitive scheme admitting a one point extension with exactly
one non-singleton fiber, is trivial.

3.7.27. Let o €  and A a base of X,. Then {a} UA is a base of X. In
particular,
b(X) <14 b(Xy).

If o belongs to a minimal base A with rank b(X) of X, then the equality occures.
Proof. Denote A by {,...,7}. Note that
Xap,..,r = (Xa)ﬁu'“ﬂ—'

This is the trivial coherent configuration since A is a base of X,. We are done. [J
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3.7.28. The class of all partly regular coherent configurations is closed with
respect to taking fissions and tensor products.

Proof. Let X; be a partly coherent configuration on ; and X] be a fission
of X;. By definition of partly coherent configuration, there exists a point a; €
such that

|04181| <1 for all s;€ S(Xl)

Taking into account that for any sj € S(X]) there exists s; € S(X1) such that
5/1 g S1,
lays)| < Jagsi| < 1.

This yields that X] is partly regular.

Suppose further that X5 is partly regular coherent configuration on €25. Then
there exists ag such that |agse| < 1 for all s € S(X). It follows that for any
81 & 89 € S(Xl [029] XQ), where s; € S(XZ), i =1,2,

[(a1, ) (51 ® 52)| = |y s1]|aasa| < 1.

This implies that X; ® &> is also partly regular, as desired.
|

3.7.29. Let Q; and Qs be sets. Then the only proper fusion of the wreath
product T, 1 Tq, is the trivial scheme Tq, xq,-

Proof. Observe that
rk(%h 273!2) = rk(,Eh) + rk(%lz) —-1=3.

Thus, the proper fusion of the wreath product of these two trivial schemes should
have rank 2 and hence must be the trivial scheme on 7 x . O

3.7.30. Let X be a scheme and Y = Inv(K,A), where A is a set and K <
Sym(A) is a transitive group. Then K acts as a group of isomorphisms of the
direct sum X’ of |A| copies of X, and XY = (X")K.

Proof. Let X be a scheme on Q. For each § € A, there is a bijection fs :
QO — Qs. Set X5 := X5, For any s € S, set 55 1= sfs. Then

X' = HsenXs.
We then have the following bijection

fraxa = |9, (o0~ a
dEA

To complete the proof, it suffices to show that
S(x 1Y) = S((a)F).
Let r € S(X1Y). If r = s ® 1o where s € S(X), then
r’ ={((a,8)7,(8,0)7) : (a, 8) € 5,6 € A}
={(a’*,57) : (o, f) € 5,6 € A}

— s
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Observe that for each § € A, (X’)X has a basis relation s¥. Since K is transitive

on A,
(s5)K = U Sgp = U svzrf.
keK YEA
Thus, 7/ € S((X")K).
If r = Q> ®t, where t € S())#, then t = (6,8")X for some (4,6") € A? with
6 # 0’. In addition,

rl = ((a’5)f7 (675l)f) ta, B e, (’Y,’)//) € t}
:{(af’yaﬂfﬁﬂ) : aaﬁ S Q’ (77')/) S t}

= U Q(;k X Qé/k
keK

:(Qg X le)K.

Here Q5 x Qs is a basis relation of X and hence r/ € S((X")X). We conclude that
f induces an injective map from S(X 1Y) to S((X’)¥). Since obviously this map
is surjective, we are done. [

3.7.31. Let X1 = (Q4,51) and Xy = (23, S2) be schemes and ® a family of the
algebraic isomorphisms

Pa S ISOalg(Xh Xloz)a a € QZ;

where X, is a scheme on the set Q, = Q1 x {a}. Define a rainbow X on the set
Q=0 x Q with S(X) = SM U S®), where

S = U 0. (s1): s1€8} and SP ={ U Qo xQg: sy € S¥Y.
€y (a,B)Es2
Then X is a scheme, called the wreath product of X1 by Xo with respect to the
family ®; it is denoted by & 15 X2. Moreover,
(1) the equivalence relation e with classes €, a € Q9, is an indecomposable
parabolic of X,
(2) if for each «, the algebraic isomorphism ¢, is induced by the bijection
B (B,a), B € Q, then X = X1 Ay,
(3) Autag(X) is isomorphic to Autayg (1) X Autayg(Xs).

Proof. For each s; € S; and s9 € Sf, denote

51 1= U vals1) and 39 := U Qy X Qp.
€ (a,B)€Es2

By (3) of Proposition 2.3.18, each algebraic isomorphism ¢, maps reflexive relations
to relexive ones. Thus, ¢, (lg,) = 1o, . This implies that

lg, =1q € S(X)

To prove that X is a scheme, since it is obviously a rainbow, it suffices to prove
that condition (CC3) holds. It can be easily computed that

o _ ot

R t #
s =Chas TSt €851 oty = [Sule? T9,S2,ts € SIT.

T989 72827

And,

log 7. 32 _ #
C;-f_,;-;—ml‘nrza rp €55 2 =ng,, S1€ 51,52 €857.
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Other types of intersection numbers are zero.

To prove statement (1), note that e is the union of all basis relations contained
in S, Hence e is a parabolic. Since X is a scheme, e is indecomposable by
Proposition 2.1.24.

To prove statement (2), suppose each ¢, has the form in the assumption. Then,

51 =51 ®1q,, s1 €5S; and §2:Q%®82, S2 ES#
Therefore, S(X) = S(X1 1 X2), as wanted.
To prove statement (3), note that there is a bijection
m: Qe — Qo Qy — a.
Furthermore,
(Xaye)™ = Xa.
Also, for any Q, € Q/e,
XQ“ = Xla-

Now let ¢ € Autaig(X). Then ¢ induces an algebraic isomorphism /. of Xq/e.
Obviously,
Y9 = 7T’¢7T_1 € Autalg(.)(g).
Moreover, by Exercise (2.7.31)), for each Q, € Q/e,
'(/J]_a : XQa — XQQ, SQa — w(S)Qa

is an algebraic isomorphism. Fix a € 5. Then,

d)l = go;lwlagaa S AUtalg(Xl)-
Therefore, we obtain the following group monomorphism
(3714) Autalg(/'\f) — Autalg(é\fl) X Autalg(Xg), ’l[) — (’(/}1,’(/J2).
Conversely, let 9; € Autyg(X;),i = 1,2. Then

$(51) =i(s1), 51 € S1 and  (52)) = tha(s2), 52 € SF

defines an algebraic isomorphism v of X. It is straightforward to see that the

image of ¢ with respect to the mapping (3.7.14)) is (¢1,12). As a consequence, the
mapping (3.7.14) is a group homomorphism.

O

3.7.32. Let X be a scheme on € x €5, and let e be the equivalence relation
with classes Q, = Q1 x {a}, a € Q2. Assume that e is an indecomposable parabolic
of X. Take an arbitrary o € (23 and set

® ={pq,.q,: Bt
where g o, is the algebraic isomorphism defined in Example 2.3.16 . Then X' is

a fission of the scheme X7 1 X, where X} = Xq, and Xy = X ..
Proof. Denote X 1o X5 by X’. For s € S, if s C e, then

si=J (s1)a, = | @a..0,(s1) € S(X).
BEN:2 BEQ
If s SZ e, then sq, = @ for each a € (2. It follows that
sC |J Qax0ses@)
(a,B)Es
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We conclude that X is a fission of X”. O

3.7.33. Let A} and A, be coherent configurations on 2y and 23, respectively,
and let O denote H or ® or ¢; in the latter case, A7 and A5 are schemes. Then

(1) for any o1 € Isoag (X, A7) and @9 € Isoaie(Xs, A3), there exists a unique
¢ € Is0a15 (X, OX,, X O X))

such that o, = ¢1 and pq, = @2,
(2) the inclusion

Aut,e (X OXy) > Autye (1) X Aut,e (Xs)

holds with equality attained if A7 and X5 are not algebraically isomor-
phicm
(3) for any e; € E(AX),

(X O Xy)q/e = (X1)q, /e, O X2,
where e = e; if O =H, and e = 1 ® 1q, otherwise.

Proof. For statement (1), since the algebraic isomorphisms ¢;, induce bijec-

tions from F(X;) to F(X/), i = 1,2, we see that
si— p(8:),s: € S(X) and Ap x Ag > AT x AF?

generates an algebraic isomorphism ¢ from X; B X5 to X] B X, such that pq, = ¢;,
1=1,2.

Next,

S1 & 89 '—)g01(81)®g02(82), S1Q 89 € S(X1®X2)

produces an algebraic isomorphism ¢ from X; ® Xs.

3.7.34. Let X} and &5 be coherent configurations. Then
(1) b(Xy B A2) = b(X1) + b(X2),
(2) b(X1 ®Xs) = b(X1) +b(Xs) — 1 unless min{b(X}),b(X2)} = 0; in the latter
case, b(X) ® Xa) = b(Xy) + b(Xs),
(3) if X7 and A, are schemes, then b(X; 1 Xz) = Q2| b(X7).

Proof. To prove statement (1), note that if A; is a subset of €;, i = 1,2, then
(3715) WL(Xl H Xo, {1a tae AU A2})Qi = WL(X,, {la oA Az})

If assume further that A; is a base of Aj, then the right-hand side equals Dg,.
Thus, in this case

WL(Xl H A, {1a tae AU AQ}) > DQl 28] DQz = 'Dglugz.
This yields that A; U Ay is a base of X7 B &X5. Therefore,
(3.7.16) b(X B Xy) < b(X1) + b(Xa).

Now let A = A; U As be a base for X} H X5, where A; C Q;, ¢ = 1,2. By
formula (3.7.15)), we see that
WL(X;, {la: a € A;}) =Dg,, i=1,2

i

"For O = !, this condition is superfluous.
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since the left-hand side is the discrete coherent configuration in this case. It follows
that A; is a base of X;. Hence, the inequality of converse direction in (3.7.16|) holds.

To prove statement (2), denote  := Q1 x Q9 and X := X; ® Xy. For a € Q,
the first and the second coordinates of - are denoted by «; and as. Let

e1={(a,B)€Q?*: a1 =B} and es = {(a,) €Q*: as = B}

Also, let

f1 : Q/el — Ql, {al} X QQ — and f2 : Q/eg — QQ, Ql X {042} = Q.
Observe that e; and es are parabolics of X' and that

(Xaje)' =X and  (Xgje,)? = Xo.

For (aq, ) € Q, we claim that
(3.7.17) X(al,az) = (X))o, @ (X2)an-

On one hand, by definition, it is easily seen that the left-hand side is contained in
the right-hand side. On the other hand, observe that

((X(al,ag))ﬂi/ei)fi = (Xi)ai’ i = 172

This yields that the right-hand side of (3.7.17)) is contained in the left-hand side.
Thus, formula (3.7.17)) holds.

Assume first that min{b(X1), b(X2)} = 0. Without loss of generality, we assume
that b(X;) = 0. Denote b(X; ® Xy) by m. For a fixed oy € €y, by repeated
applying formula (3.7.17), we see that f1,...,03n is a base of X,. if and only if
(a1,61), (a1, 82),- .., (a1, Br) is a base of X1 @ X5. Hence, in this case,

b(X1 ® Xy) = b(Xa) = b(X1) + b(Xe).

Now assume that b; := b(X;) > 1. We will use induction on by + by to prove

that

If by + bo = 2, then neither &} nor X, are discrete coherent configuration. Thus,
X is not discrete and therefore b > 1. Choose a base {«;} of X;, i = 1,2. By

formula (3.7.17), {(a1,a2)} is a base of X. Hence, b = 1 in this case and for-

mula (3.7.18)) is proved.
Now assume that ¢ := by + by > 2 and formula (|3.7.18]) is valid for cases where
b1 + by < ¢. Choose a point (a1, az) €  such that «; belongs to a minimal base of

X; for i = 1,2. Formula (3.7.18]) together with Exercise (3.7.27)) show that
b < b(Xaya0)) +1=b((X1)ay @ (A2)as) + 1.
By inductive hypothesis and Exercise (3.7.27)), we have
b((X1) oy @ (X2)ay) = b((X1) ) + 0((X2)a) =1 = (b1 — 1) + (b2 — 1).

We deduce that b < by + by — 1.
O

3.7.35. [40, Corollary 5.2] Let X be a graph with connected components X;;,
where i =1,...,aand j =1,...,qa; for each ¢. Assume that the indices are chosen
so that the graphs X;; and X;/j are isomorphic if and only if ¢ = ¢". Then

WL(X) = Eﬂl WL(Xi1) 1 Ta, -

1=
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3.7.36. The exponentiation preserves the partial orders of coherent configura-
tions and permutation groups:
(1) f Yy <X, then Y1 K <X 1 K for any K,
(2) f L<K,then X1 L>X1K for any X.

Proof. Assume that K and L are permutation groups on A. To prove statement
(1), let t € S(¥ 1 K). Then there exists @z 5 € S(V?) such that each s; €

S(Y) and
t= (® s5)%.

SEA

Since Y < X, each s; € S(X)". It follows that @sca 5 € S(X?)Y. This implies
that t € S(X 1 K)Y. We are done.
To prove statement (2), let ¢t € S(X 1 K). Then

= (@0 = U @5

dEA keEK 6eA

where each s; € S(V). Let K = J.*; Lk; be a disjoint union of right cosets of L in
K. Then

L
t= U((g)séki,l) eSx L)
i=1 €A
We are done. O

3.7.37. Let X be the scheme associated with the Hamming graph H(d, ¢), where
d>1and q > 2. Then

X =T,1Sym(d) and Aut(X) = Sym(q) T Sym(d).

Proof. Let © = {1,...,¢}¢. From the statements about Hamming graph on
page 84, X is a symmetric scheme of degree ¢¢ and the ith basis relation is of the
form

si={(a,B) eV |{j: a; #B;}=i},i=0,...,d.

Two basis relations of 7, are as follows:

tr={11),- (g9}, t2={(J)1<i#j<q}

If t;, ®...®t;, is a basis relation of (7,)¢, where the number of the factor 5 is i.
Then, it is easily seen that the algebraic fusion with respect to the action of Sym(d)
of this basis relation is s;. Since any basis relation of 7, T Sym(d) is established in
this way, this first equality in question follows.

O

3.7.38. Let X be a Cayley scheme over G. Assume that X" is the U/L-wreath
product. Then

(1) if ¥ < X, and L and U are X’-groups, then X’ is the U/ L-wreath product,

(2) if I’ < L and U’ > U are X-subgroups and L’ 4 G, then X is the
U’ /L’-wreath product,

(3) if H > L is a normal X-subgroup of G, then X, is the HU/H L-wreath
product.
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Proof. To prove statement (1), let s" € S(X’) be such that 5" Z e;;. Our goal
is to prove that ey, C rad(s’). Since U is an X’-group, e;; € S(X’)". It follows that

(3.7.19) sney =2.

By the assumption, s’ € SY. Thus, s’ = |J",s; for s; € S. In view of for-
mula (3.7.19)), we conclude that each s; SZ ey This implies that, for each ¢,
ey, Crad(s;) since X is the U/L-wreath product. Then,

m m
eL'S/'eL:UeL'Si'eL:USiZS/~
i=1 i=1

In other words, e; C rad(s’), as required.

To prove statement (2), let s € S be such that s € e;,. It follows that s Z e,
as U < U’. Hence, e; C rad(s) because X is the U/L-wreath product. It follows
that e;, C rad(s) by the assumption that L’ < L. We are done.

[l

3.7.39. Let X be a Cayley scheme over a group G = L x H x V, where L, H,
and V are X-groups. Assume that X is the U/L-wreath product, where U = HL.
Then

Aut(X) = Aut(TL 2 Xg/) N Aut(Xy 1 Ty).
3.7.40. [44] Let we are given

(1) primes py, pa, p3, pa such that {py,p2} N {p3,ps} = @,

(2) a positive integer d dividing GCD(p; — 1,p2 — 1,p3 — 1,p4a — 1),

(3) an isomorphism f;; € Iso(M;, M;), (i,5) € {(1,3),(2,3),(2,4),(1,4)},
where for each ¢, we set M; < Aut(C),) and |M;| = d. Denote by X;; the cyclotomic
Cayley scheme over Cp,,,. that is associated with the group

Mij = {(z,y) € M x Mj : fij(x) = y}.

Let us consider the generalized wreath product
X(d) = (X13 sy X23) prpy (X141, Xoa),

where the subscript at the sign ¢ denotes the number |U/L| in the corresponding
U/L-wreath product: for example, X3, Xa3 is a Cayley scheme over Cy, p,p, that
is the U/L-wreath product with |U| = p;ps and |L| = p;. Then
(1) if the automorphism f = fiz0 fo3' 0 fago f1,* of the group K is not trivial,
then the Cayley scheme X(d) is not schurian,
(2) if, additionally, for some d’ dividing d the automorphism f is identical
on the subgroup of order d’ and the factorgroup modulo it, then the
scheme X (d’) is not separable.

3.7.41. Let X be semiregular and K = Aut(X). Then
(3.7.20) X = Inv(K™).

In particular, the m-dimensional extension of any semiregular coherent configura-
tion is also semiregular.

Proof. As X is semiregular, X" is semiregular. Hence, as a fission of X"

X = WL(Xm’ 1Diag(Q"L))
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is semiregular. In particular, X is schurian (Exercise (2.7.35))). It follows that
X = Inv(Aut(X)) = Inv(K ™)

where the second equality follow from formula (3.5.4).

3.7.42. Let X = Tg and K = Sym(f2). Then
(1) S()?) = Orb(K,Q™); in particular, equality (3.7.20) holds,
(2) Ay, ={aeQ™: {o1,...,an}| = m} is a homogeneity set of X, (this
also true for all integers j with 1 < j < m)
(3) the equivalence relation ~ on A,, defined by

a~f < H{a,...,ant={01,-.-,0m}
is a partial parabolic of X ,

(4) Xq,,/~ is isomorphic to the scheme of the Johnson graph J(n,m).

Proof. To prove statement (1), it suffices to show that X = Inv(K, Q™). It is
easily seen that R
K™ = (K™)piag(am) = Diag(K™),
where Diag(K™) is the diagonal subgroup {(k,...,k) : k € K} of K™. Thus, by
formula (3.5.3)
~ — (m)
X =Inv(K) < Inv(Diag(K™)):= ).
Obviously, S(Y) = Orb(K,Q™). On the other hand, by Exercise (2.7.22))for any
s € S()) there exists an equivalence relation e on {1,...,2m} such that
s={(a,8) € Q" x Q™ : (af); = (af); & (i,]) €e}
By statement (1) of Theorem 3.5.7, each
Cylig (i,5) = {(a, 8) € Q™ x Q™ : a; = B}
is a relation of S(X). It follows that
rie = Cyly (4, 7)Cyly, (k, 5)" = {(a, ) € Q" x Q™ : a; = ax}
is a relation of S(X). Also,
ti = Cyly,, (4,1)"Cyly,, (4, k) = {(a, B) € Q" x Q™ : B; = B}
is a relation of S(??) Let A be a class of e and 7 € A. For any j € A, define

Cyly,(j,i —m) ifi>m,j <m

) ticmj-m if i>m,j>m
YT eyl (i j—m) i i<m,j>m
T4 if i<m,j<m.
Set u(A) = Njeau;j. Then one can easily see that

s = ﬂ u(A).
A€e/{1,....2m}
This implies that s € S()/(\)U. Thus, Y < X. Hence X = ) = Orb(K,Q™), as
required.
(]
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3.743. Let X’ > X and )’ > ). Then
(1) //Y\’z.)?andj)\/Zj\),
(2) if ¢ € Iso, (X7, )') extends ¢ € Is0a1s(X, V), then ¢ € Iso,, (X, )) and ¢
extends .

Proof. To prove statement (1), it suffices to verify the first inclusion. Note
that .
X' = WL(XIm» 1Diag(szm))~
It follows that X™ < X as X < X' and 1Diag(szm) € S(E{\/)U, Thus X’ > .537 as
required.

To prove statement (2), assume that X and Y are respectively coherent config-
urations on 2 and A. Observe that

(3.7.21) Diag(Q™)" = Diag(A™)
and for all s’ € S(X'™)
(3.7.22) D(s') = ™ (s).

Since 1 extends ¢, formula (3.7.22) shows that for all s € S(A™)
¥(s) =™ (s).

In view of formula (3.7.21]), the restriction of zz to X is the m-dimensional extension
of p. We are done.

([
3.7.44. For any A € FV, we have Xa < Xam.
Proof. Since 1pj.gm) € S(/'?)U,
(3.7.23) 1piag(am) = Ipiag(am) N A™ € S(Xam).
In addition, for any s € (Xa)™ one can see that
s€ X < Xam.
Thus, (Xa)™ < Xam. Together with formula (3-7:23)), this shows that
Xa = WL((Xa)™, 1piag(am)) < Xam.
(I

3.7.45. [36, Lemma 6.2] Let s € S(??) Then for any indices ¢,j € {1,...,2m}
the following two statements hold:

(1) pr; ;(s) = {((e-B)i, (- B);)) : (e, B) € s} is a basis relation of X, where
Oé'ﬂ: (al,"'aamvﬂla"'aﬁm)7
(2) if ¢ is an m-isomorphism from X’ to another coherent configuration, then
Pfi,j(sé) = pl"z‘,j(s)?
Proof. Let Q_(s) = Aand Q, (s) =T. If 1 <4, < m, then pr, ;(s) = pr, ;(A).
If m < i,j < 2m, then pr; ;(s) = pr,_,, ;_,,(I'). In these two cases, pr; ;(s) is a
basis relation of X by Theorem 3.5. 16.
Now we assume that 1 <i < m and m < j < 2m. Define

Cyly, (i, ) = {(a. B) € Q*™ : (a- B); = (a- B);}.
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By the proof of (3.7.42)), one can see that Cyl/lQ (i,7) is a relation of X. Note that

pr ()" = Pri,i(A)"Cyli, (i 1) pry (1),
where 1 = 7, defined in formula (3.5.10). By Theorem 3.5.16, pr;,(A)" and
pr; ;(A)" belong to S(X m)) for A = Diag(Q2™). Hence pr; ;(s)" belongs to S(/?ém)).
This implies that pr, ;(s) is a relation of X. Now if prm( s) is not a basis relation,

let ¢ be a basis relation properly contained in pr, ;(s). Then
O

3.7.46. The mapping X — X is a closure operator, i.e., the following statements
hold:
1) x <X,
(2) if X <Y, then X <)),
(3) X is m-closed.

Proof. To prove statement (3), since & < X (statement (1)), it suffices to
prove that X < X. However,
X = (%(’”))"71 and X = (f(m))’f
where 77 = 7. It suffices to prove that X(m) < X Since X(m) = WL( Dlag(ﬂ'"))
and X(m) = WL(x™ s Ipiag(amy)s it suffices to prove that

X" < xm,
For any s; ® 53 @ - @ s, € S(X) with each s; € S(X),

S1 RS ® - HlQ@ Vs8R -®lg

Thus, it suffices to prove that for each s € S(X) and each 1 <1i < m,
(3.7.24) lo® - ®s®@-+-®1g € S(X™)Y,
One can see that

lo® - ®s®---®1lg = Cyly, (4,4) - s" - Cyly, (4,17),

where Cyl_ (i,i) € S(X(™)Y (Theorem 3.5.7) and s € S(X(™). Hence, for-

mula (3.7.24)) follows. We are done.
O

3.7.47. For fixed sets 2 and ', we define a partial order on the set of all alge-
braic isomorphisms ¢ € Is0a14(X, X”), where X and X’ are coherent configurations
on  and (¥, respectively. Namely, if 1 € Isoag(Y,)’), then

<Y & X<V, X<V, and v extends o.

Then the mapping taking ¢ to cl(¢) = p, is a closure operator, i.e., the following
statements hold:

(1) ¢ <cl(p)
(2) if p <4, then cl(p) < cl(v),
(3) cl(cl(y)) = cl(e).
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3.7.48. [35, Theorems 7.5 and 7.6] Let X = X} B ---H X). Then

(1) X=X,8---BX,

(2) X is m-closed if and only if so are X1, ..., X,

(3) if X' =X/ H---B X, and the algebraic isomorphism ¢ € Is0,(X, X”) is
induced by the algebraic isomorphisms ¢; € Isoas(X;, X)), i = 1,...,k,
then ¢ € Iso, (X, X”) if and only if ¢; € Iso,,(X;, X/) for all 4.

3.7.49. [42] Corollary 5.4] Let X be a 2-closed scheme and e € E. Assume that
e € S1(X). Then any class A € /e is a fiber of the coherent closure WL(X,14).

3.7.50. [42] Theorem 5.9] Let X be a 2-closed primitive scheme. For a fixed
a € ), denote by A the set of all fibers I' € F(X,) such that the scheme (X, )a is
imprimitive. Then
(1) if A # @, then the union of all T" € A is a base of X;
(2) if A = @, then any fiber of X other than {a} is a base of X.

3.7.51. [104] Let G be an abelian group and G the group of all irreducible
complex characters of G. For an S-ring 2 over GG, define an equivalence relation ~
on G so that

E~n & EX)=n(X) forall X eS.

Then the partition S of the group G into the classes of ~ satisfies the conditions
(SR1), (SR2), and (SR3) at page ??; in particular,

A = SpanS
is an S-ring over G. Moreover, rk(2) = rk(l).
Proof. Denote the principal character of G by e. Observe that, for x € G
x~e e x(X)=eX)=|X| forall X eS®A) & x(G) =G| & x=¢.

This implies that {€} € S, i.e., the condition (SR1) holds.
For any §,7 € G and any g € G, {71 (g) = &(g™") and " (g) = n(g~"). Thus,
E~n < &X)=n(X), forall X eS8
& (XH=nXh, forall XS

(X)=n"4X), forall X €S

~ ’[’}71.

o ¢t
s ¢!

Here the second equivalence is valid as S = {X~! : X € S}. It follows that the
condition (SR2) holds.
Let X,Y € S. As elements in €G,

f::X'zz ZGXX-
XE@

By the first orthogonality relation of character, one can see that x(G) = 0 for any
nonpincipal character x € G. Then a¢|G| = (£71f)(G) for any ¢ € G. Now suppose
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& ~n. Then,
agG| = (7 F)(G)
=N X)

XeSs

=Y XX

Xes

= > X f(X)
Xes
= (' ))(G)
= a,|G|.
It follows that a¢ = a,. Thus, f is a linear combination of {X:X e &8} Conse

quently the condition (SR3) holds.
O

3.7.52. In the conditions and notation of Exercise[3.7.51] given a group H < G
denote by H= the group of all characters ¢ € G such that ker(¢) > H. Then
(1) the mapping E(A) — 5(§[), H ~ H% is a lattice antiisomorphism,
(2) Ay = A o for each H € g,
(3) Ag g = Ay for each H € E(A).
3.7.53. [39] Sec. 2.3] In the conditions and notation of Exercise [3.7.51
(1) A = Cyc(K, Q) for K < Aut(G) if and only if A= Cyc(K,G),
(2) A=2A; @Ay if and only if A =2A; @ Ay,

(3) 2 is the U/L-wreath product if and only if 2 is the L+ /U+-wreath prod-
uct.

3.7.54. Let X be a coherent configuration and & € Irr(X). Then

ne < | Suppy (§)]me,

and the equality is simultaneously attained for all irreducible characters if and only
if X is quasiregular.

3.7.55. [41l, Theorem 3] There exists a constant ¢ such that given a primitive
scheme X,
Nmin S 2cmmin7
where 7,5, is the minimal valency of a nonreflexive basis relation of X and M,
is the minimal multiplicity of a nonprincipal irreducible character of X.

3.7.56. Let G = G1 x Gy x G3 be a group, where |G| = |G2| = |G3|. Denote
by K the permutation group induced by the action of G by right multiplications
on the set

N=G/Gy UG/G2 U G/G3,
and set X = Inv(K, Q). Then
(1) F(X)={G/G1,G/G2,G/G5},
(2) me =1 and ng = |Suppy(€)] for all £ € Irr(X),
(3) the mapping & — Suppy(€) induces a bijection from Irr(X’) onto the
nonempty homogeneity sets of X.
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3.7.57. [10} Theorem 3.6(ii)] Let X be a commutative scheme of degree n, and
r,s,t € S. Then

=" S D,

Eelrr(X)
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4.7. Exercises

In what follows, X is a coherent configuration on 2 and S = S(X), F' = F(X),
and F = E(X).

4.7.1. Let & be a family of finite simple groups. Then &-configuration is the
direct sum of semiregular coherent configurations. In particular, any quasiregular
coherent configuration whose homogeneous components are the schemes of simple
groups is schurian and separable.

Proof. By formula (4.1.2), each G;; < G;. Hence G;; = 1 or G, as G, is a
simple group. Let i, 5,k € I be such that

Gij = sz =1.

Since G;/G,; = G;/Gj; and G; is a simple group, Gj; = 1. Similarly Gy, = 1. It
follows that
G =2 G = Gy.

Now by formula (4.1.6), G;/G;;Gir = G /GriGrj. Thus, Gr; = Gij = 1. Hence,
Gjr =Gy = 1.
Now we can define an equivalence relation e on I as follows:

i~j & Gy=1

Note that i ~ j if and only if Xq,uq; is regular. And ¢ « j if and only if
Xa,ue, = Xo, B Xo;.

It follows that

X = EAEI/@'XA;
where Xa = & ,,_, ,- Hence, X is the direct sum of semiregular coherent configu-
rations since each X is semiregular. (|

4.7.2. [64] Let & be a family of groups with distributive lattices of normal
subgroups. Then any ®&-configuration is schurian and separable.

4.7.3. Let X be a B-configuration. Then for any 4,5 € I, any basis relation
r € S,;, and any pair (a, 3) € r, there exists ¢t € G; such that

r= U OJGZ']'S X ﬁfi]‘(GijSt).
seG;
Proof. By Lemma 4.1.7, there exists ¢t € GG; such that
r= U (Oé(tilsl) X,Bfij(GijS/)).
s'eG;

Set s :=t"'s’ and then s’ = ts. We are done. O

4.74. Let X be a non-semiregular Klein configuration and K < Aut,(X).
Suppose that K acts regularly on F. Then

(1) the thin residue of the algebraic fusion X¥ is a Klein group,
(2) if |F| is a 2-power, then Aut(XX) is a 2-group of class 2.
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Proof. To prove statement (1), let e € F(X) be such that
/e =F.
Since e is K-invariant, we see that e € E(X%). We need the following claim.
Claim. For any s € S(X¥), s-s* Ce.
Proof. There exsist ¢ € S such that
§ = U t*.
keK
Assume that t € Sar for A,T € F. Then t* € Sak e for each k € K. Since K
acts regularly on F, T'* £ % for k # k' € K. In this case, one can see that
- () = .
It follows that
s-8" = U th . (tF)r C U AR AF = ¢,
keK A€F
as required. OBy the claim and Exercise (3.7.16)), the thin residue of XX is

contained in e. Since X is a Klein configuration, as relations in S,
A x A={sg,...,83},
where {so,...,s3} is a Klein four-group. It follows that as a relation in S(XX)
e={sl, ... &},
which is also a Klein four-group. Statement (1) follows.

4.7.5. Let X be a Klein configuration, ~ the equivalence relation defined
by (??), and J and J’ systems of distinct representatives for I/ ~. Then
(1) there is a unique bijection J — J', j — j’, such that j ~ j’,
(2) given j € J, the set S;;s consists of thin relations; fix one of them, say s;,
(3) the mapping f : Q; — Q such that f% = f, forall j € J, is a bijection,
(4) fe ISO(XQJ R XQJ/).

Proof. Since J and J' are systems of distinct representatives of the classes
of ~, statement (1) is straightforward.

Since j ~ j', G, = e;. It follows that |S;;/| = 4. This implies that S
consists of thin relations. Statement (2) follows.

Since s; € S;; is thin, f o= fsj is a bijection from €; to Q;. Since Q;
(respectively /) is the disjoint union of Q; with j € J (respectively €, with
j' € J"), statement (3) follows.

To prove statement (4), it suffices to show that for any j, k € J,

f_
Sj,C = Sjir.
Indeed, for any s;i € Sjk,

o o x
Sk = S5 Sjk Sk € Sjtgrs

since s; and sj, are thin basis relation. We are done. ([l

4.7.6. Let & = {G;}icr and & = {Gj; } jer be families as in the conditions (F1)
and (F2). Assume that G; = G is a Klein group and the groups G;; satisfy condi-
tion (??) and |G;;| = |G| for all 4,j. Then there exists a (unique) Klein configu-
ration X such that T(X) = (&, 6,F) for a certain family §.
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Proof. Since |G;;| = |G| for all 4,5 € I, there exists an automorphism
fij © Gi/Gij — G /Gy,
here f;; = id. Obviously, for all 7,5 € T
fijf5e = fu = id.
Our next goal is to show that formula (4.1.7) holds, i.e.
(4.7.1) fie(GijGir/Gir) = GriGrj/Gri, 4,5,k € L.

If i = k, then this is straightforward. If ¢ # k and G;; = Gy, then Gi; = Gy by
the condition (4.1.12). The formula (4.7.1) is obvious. If ¢ # k and G;; # Gik, then
Gij # Gy by the condition (4.1.12). Then

GijGir/Gik = Gi/Giry and  GriGrj/Gri = Gi/Gr,.

Then formula (4.7.1) follows easily in this case.
Finally, we need to verify that

fijk © Gi/GijGir,. = Gi/GriGr;
are well-defined group isomorphisms and further that
(4.7.2) fiwifrij fije = id, 4,5,k € 1.

If |{4,7,k}| < 3, then it is easy to see that f;;i is a well-defined group isomorphism.
And formula holds in this case. Now assume that |{i, j, k}| = 3. If G;; # Gy
then G; = G;;Gy since |G| > 2 and |G,x| > 2. In this case, formula is
obvious. If G;; = Gy, then by formula (4.1.12) we have

Gki = ij and Gji = ij.

It follows that fijx = fik, frij = frj, and fjr; = fj;- In this case, formula (4.7.2)
also holds. We are done. [l

4.7.7. Two cubic Klein configurations with isomorphic associated graphs are
algebraically isomorphic.

Proof. The systems of linked quotients 7(X) = (&,6,§) with § consisting of
identity isomorphisms which are constructed from these two graphs are isomorphic.
O

4.7.8. A cubic Klein configuration is a nontrivial direct sum if and only if the
associated graph is disconnected.

Proof. If the cubic Klein configuration is a nontrivial direct sum, then there
exists 4,j € I such that ; x Q; is a basis relation. This implies that |S;;| = 1.
Thus, @ ~ 7, i.e., the associated graph is disconnected.

Conversely, if the associated graph is disconnected, then there exist 7,5 € [
such that |S;;| = 1. By Theorem 3.2.3, the Klein configuration is a nontrivial
direct sum. (]

4.7.9. Let & be a cubic Klein configuration. Assume that the graph associated
with X is acyclic. Then X is schurian.
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Proof. If the associated graph X is disconnected, by Exercise (4.7.8]), the Klein
configuration is a notrivial direct sum. The statement follows by induction |I| since
the direct sum of schurian coherent configurations is schurian.

Without loss of generality, we may assume that the graph X is connected. Since
X is acyclic by the assumption, there exists a vertex in I, denoted by 1, such that
the valency of 1 in the graph X equals one. Without loss of generality, we may
assume that 2 is the unique neighbour of 1 in X. In other words,

|512‘ =2 and |S1j| =1,5>2.
O

4.7.10. Let X be a geometric Klein configuration associated with a complete
graph. Assume that the partial linear space G(X) is a near-pencil, i.e., the first
linear space in Fig.??. Then X is schurian and separable.

4.7.11. Let X be a primitive scheme of degree n. Then
t(X) < [4y/nlogn] +1 and s(X) < [4y/nlogn] + 1.
Proof. By Theorem 3.3.13, b(X) < [4y/nlogn]. Thus, by formula (4.2.1) one
can see that
tHX) <b(X)+1<[4y/nlogn] +1 and s(X) <b(X)+1<[4y/nlogn] + 1.
|

4.7.12. Let X be the scheme of a distance-regular graph X. Then
(1) X is distance-transitive if and only if ¢(X’) = 1.
(2) X is uniquely determined by parameters if and only if s(X) = 1.
Proof. By Theorem 2.6.11, X is distance-transitive (respectively, uniquely de-

termined by parameters) if and only if X" is schurian (respectively, separable) if and
only if ¢(X) = 1 (respectively, s(X) = 1). O

4.7.13. [36], Theorem 4.6] The following inequalities hold:
(1) s(&X) < s(X,) +1 for all a € Q,
(2) t(X) <t(X,) + 1if X, is t(X,)-separable for some « € Q,
(3) s(X) <ms(X), t(X) <mt(X™) for all m > 1.
4.7.14. Let X be an imprimitive equivalenced scheme. Then #(X) < 2 and
s(X) < 2.
Proof. Let a € §2. By Theorem 3.3.8, the restriction of X, to the set 2\ {a}
is semiregular. This implies that for any § € '\ {a} and any s € S(X,)
|Bs] <1, for all s € S(X,).

Hence, X, is partly regular, i.e., the extension of X with respect to 1 point is partly
regular. By Theorem 4.2.2, we are done. O

4.7.15. [33, Theorem 3.29] The coherent configurations in Theorem ?? can be
chosen homogeneous, and for the second inequality in (??) even schurian.

4.7.16. In the notation of Theorem ?7, let @1, s € Autag(X) leave any fiber
of X fixed. Assume that (p1)q, = (p2)q, for all i € I. Then ¢, ¢, " is induced by
an isomorphism if and only if ¢(¢1) = t(p2) (mod 2).
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4.7.17. Let a colored graph X is (2), 3)-regular of degree d with respect to each
of the reations r; and r5. Then X is (), 3)-regular of degree d with respect to 1 Urs.

Proof. By the assumpion,
riNsx(Y,3) Csx(9,3,d), i=1,2.
This implies that
(r1Ur2) Nsx(Y,3) € s2(Y,3,4d),

as required. ([l

4.7.18. A generating set of a projective plane P is (be) a base of the coherent
configuration associated with P.

Proof. Let A be a generating set of P and X be the scheme of P. Our goal is
to prove that
X' = WL(X, {1, : a € A})
equals Dg. For any two distinct points «, 8 where {a} and {8} are sington fibers
of X', then

ass N Bss = {af}.
Since both as; and fss are homogeneity sets of X’ (Lemma 3.3.5), {af} is also a

homogeneity set, i.e., 1o € S(X”). Similarly for any two distinct lines I3 and Iy
such that {l1} and {l2} are sington fibers of X, if {y} =13 N o, then

{’y} =118 Nlysg

is a singlton fiber of X”. Since each point and each line in A are singleton fiber of
X’ and A is a generating set of P, by the above argument one can see that for each
point and each line in ) are singleton fiber of X’. We are done. O

4.7.19. |36l Theorem 7.7] Let Jy(n,k) be a Grassmann graph (k < n): the
vertices are k-dimensional subspaces of the (F,)" and the edges are pairs (o, ()
with dim(a N g) = k — 1. It is known that Jy(n, k) is a distance-transitive graph
of diameter d = min(k,n — k). Prove that that if X is the scheme of the graph
Jq(n, k), then t(X) =1 and (X) < 2 for all ¢,n, k.

4.7.20. The Doob graphs are pairwise nonisomorphic and can be distinguished
each from other with the help of the 4-vertex condition.

Proof. Two graphs can be distinguished each from the other with the help of
the 4-vertex condition means that for any vertices «, 5, the number of isomorphism
type of 4-vertex subgraphs are distinct.

For each arc (a, 8) in the graph,

t((a,ﬁ),ﬂ) S {ml, A ,mk},
where
t((a,B), %) = {Xp t o, BE A, |A] = 4,%a = X4}
0

4.7.21. Let X be a colored graph of a coherent configuration X, and s € S.
Then the relation Cyl,(7,7) defined by formula (??) is of the form sx(2), 3,d) for
suitable colored graphs X, ), and a positive integer d.
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Proof. Let Q) = {i,7 + m} and Q(3) = {4,j + m} be colored graphs with
D(®) = D(3) = {(4,7 + m)} such that
cy (i, j +m) = c3(i,j +m) = cx(s).
Set d := 1. Then, Cyl,(4,j) = sx(2), 3, d), as required. O

4.7.22. For an integer k, set S, = {x € S : n, = k}. Then for any scheme
X' = (@, 5'), every isomorphism ¢ € Is0a1(X, X’) induces an isomorphism of the
graphs X(S,) and X(S},). In particular, X is saturated with respect to S, if and
only if X’ is saturated with respect to .Sj.

Proof. Since ¢ preserves valencies (Corollary 2.3.20), we have S} = S;. For
any s € S, set s’ := (s). Observe that for any z,y € Sk,
sex’y & ., #0 & ci//*y, £0 & s eca™y.
It follows that
x~y & co=1forall s €’y & cz:s/ =1foralls c2™y & 2’ ~y.
This yields that ¢ induces an isomorphism of the graphs X(S,) and X(S},). O

4.7.23. Prove that statement (3) of Theorem 4.3.6 remains true if condition (4.3.10)
is replaced by a weaker one: for all x,y,z € Sy such that x ~ y ~ z ~ x, there
exist a,b € S for which

S-S, CS

zy = oy
where S, =S, \ {a} and S;y = S.y \ {b}.
Proof. Let ¥ € S,,, \ {b}. Then by the assumption
S,V CS,,

Since & ~ y, Sy consist of k£ disjiont matchings. This implies that the set on
left-hand side consists of k — 1 disjoint matchings. Observe that

Spy-b' Caxxay and S,, =S5, U{a}

Moreover ax x ay is the disjoint union of & mathchings in S,,. Thus, a -V’ is a
matching contained in S,,. It follows that

Spz b = Suy.
O
4.7.24. Prove that statement (3) of Theorem 4.3.6 remains true without con-

dition (4.3.10) and with the saturation condition replaced by a weaker one: the
graph Xj is connected.

Proof. For any 3,7 € aSi, assume that
B E€ar; and v € axg.

Since the graph Xj is connected, there exists a path x1 ~ 29 ~ -+ ~ x4 in Xy.
Since x; ~ T, 1, Sg;z,,, consists of k& matchings for i =1,...,d — 1. In particular,
there exists matchings 75 ;41 € Sg;,,, such that

(B,y) €rig- -+ Ta—1,4-

This implies that the basis relation in ) := WL(«S})) containing the pair (3,7) is
thin. Thus, each basis relation of ) is thin. We are done. O



4.7. EXERCISES s

4.7.25. In the notation of Exercise [£.7.22] the elements r and s are linked with
respect to (z,y, z) if and only if the elements p(r) and ¢(s) are linked with respect
to (p(z),¢(y), ¢(2)). In particular, X' is Desarguesian if and only if so is X”.

Proof.
O

4.7.26. In the notation of Exercise let ,y,2 € Sy and z ~ 2z ~ y.
Assume that r’ € 2*2 and s’ € z*z are such that any element of 2*2 \ {r'} and any
element of z*y \ {s'} are linked with respect to the triple (z,y, z). Then

(1) any two elements, one belonging to ¢(x)*p(z) \ {¢(r')} and the other be-
longing to ¢(z)*p(y)\{¢(s')}, are linked with respect to (¢ (x), ¢(y), p(2),

(2) if a € Q and x ~ y, then S, - S,y = Say,

(3) if @ € 2 and 7 is as in Lemma ??, then for any r € 2*z and any s € z*y,
there exists ¢t € x*y such that

oz Szy Cloy and Y(rzz-s.y) C Qo(t)w(w),sa(y)'

4.7.27. [66, Lemma 4.1] Let X be a quasi-thin scheme. Then for any s € S,
there exists ¢ € S such that ss* = {1q,t}.

Proof. If s is thin, then ss* = {1o}. The statement follows by setting ¢ = 1q.
Then ng = 2. We may assume s is not thin. By formula (2.1.8),

(4.7.3) NgNgx = 4 = Z nect g
tEss*
Note that 1g € ss* and c.2 = n, = 2. Moreover, for t € ss* by formula (2.1.9) we
have
ngcl e = ngeps > 2.

This together with formula (4.7.3)) implies that either n; = 1,¢l,. = 2 or n; =
2,ct,. = 1. We conclude that there exists a unique nonirreflexive basis relation ¢
satisfying the requirement of the statement. O

4.7.28. [88], Lemma 5.1] Let u and v be thick basis relations of a quasi-thin
scheme X. Then
(1) ut = v* and u*t € S; if and only if either A,+A, = 24, + 24, with
a,be Sy, or Ay« A, = A, with a € So;
(2) ut =v* and ut ¢ Sy if and only if A,«A4, = 24, + Ap with a € S; and
b e So;
(3) ut #£v* if and only if A,«A, = A, + Ap with a,b € Ss.

4.7.29. [88, Lemma 5.4] Assume that X is a commutative Kleinian scheme.
Then |S*| = 3.
4.7.30. Any cyclotomic scheme over a finite field is pseudocyclic.

Proof. Let X be a cyclotomic scheme over F, i.e.
X =Tnv(K,F),
where K = F+ x M for a subgroup M of FX. Observe that K is a Frobenius group

on the set F. This implies that X is a Frobenius scheme. The statement follows by
Theorem 4.3.37. O
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4.7.31. Let X be a scheme such that m¢ does not depend on ¢ € Irr(X)#. Then
X is a commutative pseudocyclic scheme.

4.7.32. [87), Corollary 3.3] Let X’ be an equivalenced scheme. Suppose that the
group Isoue(X) acts transitively on S#. Then X is a pseudocyclic scheme.

4.7.33. Any cyclotomic scheme over a finite field and any 3/2-homogeneous
scheme is pseudocyclic.

4.7.34. [87, Theorem 4.3] Let ¢ be the order of an affine plane. Then given
a divisor m of ¢ + 1 and a partition of {1,...,q+ 1} in m classes of cardinality
(¢ + 1)/m, there exists an amorphic pseudocyclic scheme of degree ¢?, valency
(¢> —1)/m and rank m + 1.

4.7.35. [87, Theorem 3.4] Let X be a commutative pseudocyclic scheme of
valency k and G a group of algebraic isomorphisms of it. Suppose that G acts
semiregularly on S#. Then the algebraic fusion X'¢ is a commutative pseudocyclic
scheme of valency km where m = |G].

4.7.36. Let X be a Cayley scheme over a cyclic group G. Then
(1) if H? € E and H < rad(&X), then rad(Xg,g) = rad(X)/H,
(2) it Yy <X, E(X)=E(Y), and rad(Y) = 1¢, then rad(X) = 1¢.
Proof. To prove statement (1), let r(a, ) = X” for some X € S(2A), where o

is the identity of G, (3 is a generator of G, and % is the S-ring corresponding to X'
Set s :=r(a, ), rad(X) := K?, and G := G/H. Then,
KPXP C X = (K)’(X))C (X)) = K Crad(Xg/p).
Set L :=rad(Xg,p). Then
(L) (X)* € (X)”
This yields that L <rad(X) = K.

= LPXP C XPHF = XP".

O

4.7.37. Find an example of a Cayley scheme X over a cyclic group G and a
group H < G such that rad(X) = 1g, H” € E, and rad(Xg/n) # la/u-
4.7.38. [43, Theorem 6.1] Let X be a Cayley scheme over a cyclic group G.
Then X is normal if and only if the following conditions are satisfied:
(1) X is cyclotomic over G,
(2) |rad(X)| <2,
(3) if G is a Sylow p-subgroup of G, |G,| = p, and Aut(X)% > Aut(G,),
then p = 2 or 3.
4.7.39. [43, Lemma 7.1] Any normal Cayley schemes over a cyclic group is
cyclotomic.

4.7.40. [43, Theorem 6.6] The class of normal Cayley schemes over a cyclic
group is separable with respect to the class of all Cayley schemes over a cyclic
group.

4.7.41. Let ¢ and ¢’ be the output colorings of Q™ m > 1, obtained by the

m-~dim WL applied to the colorings ¢, and ¢j. Then for any bijection f : Q™ — Q™
which is induced by a bijection from Q to €V,

co(t) =cp(r7) forall 7€ Q™ & ¢(r) = (1f) forall 7€ Q™.
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Proof. Suppose that f is induced by the bijection g : Q — Q’. In particular,
Q ={a9 : a € Q}. Moreover, for any o € Q, any ¢ € {1,...,m}, and any
T:=(T1,- -, Tm),

Tijja =(r,...., 70 o ..., 78) = (Tz?jag).
It follows that
> colria) =Y colrl) = D eolrfy)
a€E a€e o’ e
Since this is true for each ¢ € {1,...,m},
Si(r!) =" co(r! Ja?) = Si(7).
ac)

This implies that in the m-dim WL, we can take ¢; = ¢}, where ¢; and ¢| are
respectively the next steps of m-dim WL of ¢y and ¢. Hence, the output ¢ = ¢/. O

4.7.42. Let X and X’ be two colored rainbows on 2 and €', respectively. As-
sume that

o @I =1ch ()] amd [T @) =1¢ @) < 1
for all colors 4, where ¢y = co(X), ¢ = ¢x(X’), ¢ = e (X), ¢ = cp(X'), and m > 2.
Then the mapping

f:Q=9, a—d,
where o/ is the unique point of §’ for which ¢(¢/,...,a') = ¢(a,...,a), is a well-
defined bijection. Moreover, f € Iso(X, X”).

Proof. For each a € €, let ¢(«,...,a) = i. This implies that |c1(i)| = 1.
By the assumption and the definition of colored graph, there exists a unique point
o € Q) such that
cla,...,a)=i=7c(,...,a).
Thus, f: Q = Q' a — o (with ¢(a) = ¢/(a’)) establishes an injection. By the
assumption, it is easily seen that f is surjective. Thus, f is a bijection. O

4.7.43. The property of an undirected graph to be strongly regular is expressible
in the counting logic language.

Proof.
Va,y[D(z,y) = D(y,x)] AVa[-D(z, z)]
AVz[FFyD(x,y) A ~FTyD(z, y)]
AV, y[D(z,y) — F2[D(z, 2) A D(y, 2)] A~ 12[D(z, 2) A D(y, 2)]]
AV, y[~xz =y — I2[D(z,2) A D(y, 2)] A =3*T12[D(x, 2) A D(y, 2)]|
([l

4.7.44. Any two strongly regular graphs with the same parameters are €o-
equivalent.

Proof. By Exercise (4.7.43)) a strongly regualr graphs with parameters k, A,
can be expressible by using the parameters and formulas in €;. The statement then
follows. O
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4.7.45. A partition P of Q™ is normal if and only if for any A € P and
1 <1i,7 <m, we have

7,7 € A and T, =T; = TZ-/:Tj.

Proof. For any L C M, set I'; := wzl(Diag(QL)). Suppose the partition P of
Q™ is normal. To the contrary we assume that there exist A € P, 1 < 4,5 < m,
and 7, 7" € A such that 7; = 7; but 7/ # 7;. Let L = {7, j}. Then one can see that

Tel, and 7' ¢T,.

This implies that ANT, # @ but A € ', . Hence, I'; ¢ P, a contradiction.

Conversely, assume that for any A € P and 1 < 4,5 < m, the implication holds
as in the assumption. To the contrary we assume that the partition P of Q™ is not
normal. Then there exists a subset L of M such that I, ¢ PY. This yields that
there exists A € P such that

ANT;, #@ and AZT;.
It follows that there eixsts 7,7 € A such that
7r(7) € Diag(QY) and 7 (7') ¢ Diag(QF).
This yieds that 7; = 7; for any i, j € L and there exst 7, j € L such that 7; # 7/, a

contradiction.

O

4.7.46. For any group K < Sym(Q2), the partition Orb(K, Q™) of the set Q™
is normal, invariant, and regular.

Proof. Set P := Orb(K,Q™). For any L C M,
ﬂZI(Diag(QL)) ={acOM .0, =6,8€QicL}.

It is easily seen that the set on the right-hand side is K-invariant. This yields that
77 ! (Diag(QF)) € PV. Hence, the partition 7P is normal.
For any A € P, there exists (aq,...,an) € Q™ such that

A={(a},...,ar) ke K}.

’ m

Then for any g € Sym(M),
A9 ={(afs,...,ak, ke K} eP.

It follows that the partition P is invariant.
Finally, we prove the partition P is regular. Let A € P, L C M, and T € 7 (P).
Thus, there exists (a1, ...,an,) € QM and (B;,,...,8:,) € QF such that

A={(af,...;a"): k€ K} and T ={(BF,...,B88): kecK}.

117 in
Let vy = (BF,...,8F ) €T for some k € K. Set v;, = fj,jzl,...,n. Then
() ={y e :n =i =1...,n}
If Wzl(’Y) N A = &, then one can see that ng(’r) NA =g forany 7 € I. If
7. (7)) NA # @, then

A
cLr =
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4.7.47. The set of basis relations of a coherent configuration on {2 forms a
normal, invariant, and regular partition of Q2. Find an example showing that not
every such partition forms a coherent configuration.

Proof. Set M := {1,2}. For any proper subset L of M, one can see that
71 (Diag(QF)) = 02 € SV.
And if L = M, then 71 (Diag(QL)) = 1o € SY. We conclude that the partition S
is normal.
For any g € Sym(M) and any s € S, either s9 = s or s9 = s*. In both case,

s9 € S. Hence, the partition S is invariant.
Finally, if L = M, then one can see that

A
cLr = oa,r

where § is the Kronecker delta function. This number does not depend on the
choice of v € . Moreover, let ' = s € S. if L = {1}, then

c%,r = n.
And if L = {2}, then
Chp =Ny
Take ©Q = {1,2,3}. Let P = {s1, s2, s3} where
s1=0%\1q, so={(1,1)}, and s2={(2,2),(3,3)}.

From the solution of Exercise ([2.7.1]), we know that P is not a coherent configura-
tion. The paritition is normal as it satisfies the condition (CC1). Then partition
invariant because it satisfies the condition (CC2). Also the partition is regular.
Now M = {1,2,3}.

If L C M and |L| =1, then

P = {02} is normal, invariant, and regular partition of Q2. But P does not
form a coherent configuration. O

4.748. Let X and X’ be rainbows, Y = WL(X) and Y’ = WL(X’), and let
c and ¢’ be colorings of 2, the color classes of which are the basis relations of X
and X', respectively. Then exactly one of the following statements holds:
(1) there exists ¢ € Isoag(Y,)’) such that c(s) = ¢/(p(s)) for all s € S(Y),
(2) there is no f € Iso(X, X’) such that c(s) = ¢/(sf) for all s € S(X).

Proof. To prove the assertion, assume that statement (1) is false then we prove
that statement (2) is true. Thus, there exists f € Iso(X,X”) such that s/ = ¢(s)
for all s € S. Observe that S(X) and S(X’) are sets of binary relations on  and
Y, respectively. Obviously, f € Iso(S(X), S(X’)). By formula (2.6.3), we have

f €Ts0(S(X),S(X")) C Iso(WL(X), WL(X")).
The algebraic isomorphism ¢ € Iso(WL(X), WL(X”)) satisfies the requirement in
statement (2). We are done. O

4.7.49. Let m > 2. Then the partition of Q2 induced by m3(P,, (X)) forms a
coherent configuration on 2.

Proof. By Exercise (4.7.51)), m3(Pm (X)) is a normal, invariant, and regular
partition of 2. |
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4.7.50. For any m > 1, the mapping X — WL,,(X) is a closure operator.

Proof. By the definition, it is a closed operator.
O

4.7.51. [35] Lemma 6.3] Let P be a normal, invariant, and regular partition of
Q™ m > 1. Then given k < m, the partition m(P) is also normal, invariant, and
regular.

4.7.52. Prove Theorem 4.6.20.

4.7.53. Find an example of 2-dim WL isomorphism between two coherent con-
figurations, which is not an algebraic isomorphism.

4.7.54. For every | < m,
Iso, VM (X, X7) D IsoW (X, X7).

m
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